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Preface

Partial differential equations (PDEs) have been playing a major role in the modeling of
many phenomena in physics and engineering for a long time. The realm of applications
is growing fast, in particular in economics and life sciences. Numerical simulation of
the phenomena that are investigated with the aim of predicting their behavior is thus
linked to a good understanding of the mathematical properties of the PDEs involved
and the derivation of efficient and robust numerical methods to solve them. Therefore a
good training in partial differential equations is essential for mathematicians interested
in such applications.

Following traditional introductory graduate courses on different topics of partial
differential equations ranging from theoretical to numerical aspects that were given
during the year 2001 (Diplome d’Etudes Approfondies de mathématiques) at the Uni-
versity Louis Pasteur in Strasbourg, a special week consisting of five advanced lectures
was proposed to the students. These lectures were the following.

¢ Michel Chipot (University of Zurich): On some questions in elasticity.

e Patrick Ciarlet (ENSTA, Paris): The finite element method in non-smooth com-
putational domains.

* Josselin Garnier (University Paul Sabatier, Toulouse): Waves in random media.

Otared Kavian (University of Versailles Saint-Quentin): Introduction to param-
eter identification.

* Francois Murat (University Pierre et Marie Curie, Paris): Homogenisation.

This volume contains enhanced versions of the lectures of M. Chipot, J. Garnier
and O. Kavian.

These three lectures all address very important and interesting, but very different
aspects motivated by several applications in partial differential equations. Michel
Chipot investigates equilibrium positions of several disks rolling on a wire. He is
looking in particular for existence of, uniqueness of, and the exact position for an
equilibrium. Josselin Garnier considers problems arising from acoustics and geo-
physics where waves propagate in complicated media, the properties of which can
only be described statistically. He shows, in particular, that when the different scales
presented in the problem can be separated, there exists a deterministic result. Otared
Kavian is interested in so-called inverse problems, where one or several parameters of
a PDE need to be determined, by, using for example, measurements on the boundary
of the domain. The question that arises naturally is what information is necessary to
determine the unknown parameters. This lecture answers to this questions in different
settings.



vi Preface

To conclude, I would like to thank all the people who made this special week
on partial differential equations possible and very interesting: Olivier Debarre who
suggested that I organize it, the five lecturers, Michel Chipot, Patrick Ciarlet, Josselin
Garnier, Otared Kavian, and Francois Murat, who all gave very clear and interesting
lectures. And, of course, thanks to all the students who came from the University of
Strasbourg and from several other universities in France to attend these lectures. Many
thanks also to those who made this volume possible, first of all the three contributors,
but also Vladimir Turaev, editor of this series, the referees and the staff at Walter de
Gruyter.

Strasbourg, September 10, 2003 E. Sonnendriicker
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Elastic deformations
of membranes and wires

Michel Chipot

Institut fiir Mathematik, Angewandte Mathematik
Winterthurerstrasse 190, 8057 Ziirich, Switzerland
email: chipot@amath.unizh.ch

Abstract. When we let roll freely balls on an elastic membrane they will stop after some time in
a position that we will call equilibrium position. We would like to determine such equilibrium
and see if it is unique. Since this three dimensional problem is not so easy to handle we look
also to the two dimensional analogue of disks rolling on a wire.

2000 Mathematics Subject Classification: 35J85, 49J40, 49J45

1 Introduction

Consider a rigid planar frame I". On this frame suppose that is spanned an elastic
membrane. When we drop a ball on the membrane, this ball will dig its nest in
the elastic film and roll for some time before to reach some equilibrium position
(see Figure 1). The same phenomenon will occur if we let roll several balls on the
membrane. This is this equilibrium position that we would like to investigate from
the point of view of existence, uniqueness, location.

In the case of one single ball the problem was studied in [4]. The symmetry of
the heavy ball considered played a crucial role there. When one passes to a system
formed by two different balls symmetry is lost and results are getting more challenging.
Very few are in fact available and this is the reason why we are lead to consider the
deformation of an elastic wire by one or several disks and more generally by two
dimensional rigid bodies — like for instance a square. Then direct computations can be
performed. As we will see some unexpected situations might then occur that could help
to understand the three dimensional problem. For instance, in the case of two identical
disks sitting on a wire, the equilibrium position reached is not always the obvious one
of the two disks hanging at the same level in the middle of the wire. Tension could
force them to tilt as shown on Figure 2 below when their weight become too high — see
[3]. A similar loss of symmetry can occur in the case of a square for instance — see [2].
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Figure 1. The case of a membrane

Figure 2. The case of two heavy disks on a wire

We will follow the following steps. First we will consider the case of a two
dimensional object supported by a wire. Addressing first the case of a disk we will give
detailed computations which will help to understand the main ingredients necessary to
address the problem of two disks. Then we will consider the equilibrium of a square
able to move freely on a wire. In the next section we will attack the question of two
different disks. Finally we will treat the case of one ball rolling on an elastic membrane,
then the case of several. All along we will point out the many open problems that are
related to the different cases.

2 The case of a single two dimensional solid
on a wire

2.1 The case of one disk on an elastic wire

Let us denote by 2 the interval (0, 1). €2 is the undeformed configuration of a one
dimensional elastic wire spanned between the two points O and 1 of the real axis.
We will denote by Ox the horizontal real axis and by 0/ the vertical one that we will
suppose oriented downward (see Figure 3). Letting roll a heavy disk on this wire
spanned between O and 1 we would like to determine its equilibrium position. Of
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course — for symmetry reasons — we are expecting that the disk will stabilize in the
middle of the wire at a level such that the tension of the elastic support balances the
weight of the disk. (We suppose an ideal situation where the two dimensional disk
can be maintained vertically on the wire). However, we need yet to introduce the right
energy considerations allowing us to show that.

0 e 1
. X
c

h

Figure 3. One single disk on a wire

Let G be the weight of the disk and 7 its radius. In order to allow the disk to fit
entirely between the points 0, 1 we will assume
1

r<s. Q2.1

Then, clearly, the position of the disk in space is completely determined by the position
of its center

C=(,h)e2xR. 2.2)
C being fixed the lower points of the disk can be described by the function

Y@ =y @) =h+Vr2—(x—1)? ¥xeB(E,r), (2.3)

where B(¢, r) = (¢ —r, ¢ +r) denotes the open ball of center ¢ and radius r — see the
figure below. An admissible deformation of the wire is a “smooth” function u such

0 ¢—r ¢ x ¢+

-

rr—(x—0)?

(x, ¥ (x))

Figure 4. The function
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that
u(0) =u(l) =0, u(x) > y¥(x) forx e B(,r), 2.4)

i.e. a function u describing a reasonable state for the wire — that has to be attached at
the end points of the interval (0, 1) and has to be below the disk. (This is the role of
the inequality (2.4) — recall that the vertical axis is directed downward). Now, in order
to develop analytical arguments we have to choose u in some appropriate space. We
will suppose

u € H} (RQ) (2.5)
where
Hi(Q) ={veL?Q)|v eL*),v0) =v(l)=0}. (2.6)

(We refer to [6], [13], [17] for an introduction to Sobolev spaces.) Note that in our
analysis we consider as “admissible”, deformations for which the wire can be loose
— 1.e. not spanned or not being tight as in Figure 3 for example. In a case of a
nonhomogeneous wire the equilibrium position of the wire could be such that the disk
is not supported by straight lines as one can see using the computation that we are
going to develop now. Let us suppose the wire to be homogeneous. Then, the center
of the disk being located at C = (¢, k), the energy of an admissible deformation — i.e.
a function u such that

we Hi (),  ux) >yx) ae xeB(E,r) 2.7

is given by — if u, denotes the derivative of u in x —
1
E@; ¢, h) = 50/ u?(x)dx — Gh. (2.8)
Q

The integral part of this energy corresponds to the elastic energy of the system, the
other part is a potential energy, o is some constant of elasticity characteristic of the
material. Nature is careful and tends to adopt behaviors that minimize energy. In
other words among all possible admissible deformations the one corresponding to the
equilibrium of the disk on the wire will be the one minimizing E (u; ¢, h). So we have
to find an eventual triple (uq, &o, ho) such that

(%0, ho) € (r, 1 —r) xR,  ugp admissible (i.e. satisfying (2.7)),

2.9
E(uo; o, ho) < E(u; ¢, h) Y(,h)e (r,1 —r) xR, Vu admissible. 29)

(We choose ¢ € (r, 1 — r) in such a way that the disk cannot touch the end points 0
and 1).

Remark 2.1. The problem (2.9) is an unusual problem of the calculus of variations.
The class in which we are looking for a minimizer is neither convex nor compact.
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One could consider a nonhomogeneous elastic wire. In this case the energy to
minimize would be

E(; ¢, h) = %/Qa(x)ui(x)dx — Gh (2.10)

where o is some coefficient of elasticity. Similarly we could assume the disk to be
nonhomogeneous and have a potential energy of the type

—/ G(x,y)ydxdy (2.11D)
D

where the integration is taking place on the disk D of center (¢, k) and radius r. The
notation for G(x, y) — the density of weight — is clear. The analysis that we develop
below is widely open in the cases (2.10), (2.11). Note that in the case of (2.11) the
center of mass or the position of the disk around its center are additional parameters
of the problem. We leave that to the curiosity of the reader.

Let us now consider the problem (2.9). Dividing the energy (2.8) by o it is clear
that at the expense of rescaling G we can always assume that

o=1 (2.12)

This is what we will do from now on.

Somehow — even if this is wrong in the nonhomogeneous case — our intuition tells
us that the wire should be tight i.e. adopt a position made by straight lines outside of
the contact zone of the disk. This is what we are about to see now. For that notice that
if (ug, &0, ho) is a solution to (2.9) then it holds that:

E(uo; ¢o, ho) < E(u; o, ho) V u admissible (2.13)
1 1
= / ud, (x)dx < 3 / u?(x)dx  Yu admissible. (2.14)
0 Q

To describe the set of admissible deformations, for C = (¢, h) fixed let us introduce
K, h)={ue HOI(Q) | u(x) > wfh(x) ae.x € B(,r)}. (2.15)

Then, following (2.14), ug is solution of a minimization problem that we make more
precise in the proposition below:

Proposition 2.1. Let (¢, h) € (r,1 —r) x R be fixed. Then, there exists a unique
u = u(¢, h) solution to

ueK(e,h),

1/ 5 1/ ) (2.16)
= | uy(x)dx < - | vi(x)dx YveK(,h).
2 Ja 2 Ja
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Moreover, u is the solution of the so called Variational Inequality
u € K, h,

(2.17)
/ uy(vy —uy)dx >0 Yve K(,h).
Q

Proof. Let us denote by | - |1 2 the quantity defined as

1/2
luli 2 = {/ ui(x)dx} . (2.18)
Q

It is well known — see [9], [18] — that this defines a Hilbert norm on HO1 (€2) which is
a Hilbert space when equipped with it. We now leave to the reader to show that

K (¢, h) = K is a closed convex subset of Hol (2). (2.19)
Then, (2.16) can be also written as
u € K, h, lu =02 <[v=0/i2 VveK(E,h), (2.20)

i.e. u is the projection of 0 on the closed convex set K. It is well known see for in-

Figure 5. The projection of O on a closed convex set

stance [8] — that a solution u to (2.20) exists and is unique. Moreover, u is equivalently
solution to — see Figure 5

uek, O—-—u,v—u)12<0 Vvek, (2.21)

where (-, -)1,2 denotes the scalar product on HO1 (€2) associated to (2.18) and defined
by

(u,v)12 =/ Uxvy dx. (2.22)
Q

It is then clear that (2.21) is nothing but (2.17). This completes the proof of the
proposition. ]

We can now describe exactly what is the solution to (2.16) or (2.17). We have:
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Proposition 2.2. For (¢, h) € (r, 1 —r) xR the solution u of (2.16) or (2.17) is given
by the following function:

h <-—r 1
0 —>
Y
Figure 6. The solution u
ie. if h<-—r u=0, (2.23)
if h>—r () =x¥y () forx €10, x1],

=¥ for x € [x1, y1l, (2.24)
=@ —=Dyx(y)  forx €[y, 1],

where Y, denotes the derivative of the function ¥ = " and x;, y| the coordinates
of the points of contact of the tangents to the disk issued from 0 and 1 — see Figure 6.

Proof. Suppose that i < —r. Then, by (2.3)
v <0

and u = 0 belongs to K (¢, h) and satisfies (2.17). This completes the proof in this
case. Note that this is the case when the disk does not touch the wire. Suppose now
that 2 > —r. Then, the function u defined by (2.24) belongs to K. Moreover, it holds
that:

X1 Y1
/ uy(vy —uy)dx = f ux(vy —uy)dx +/ uy(vy —uy)dx
Q 0 X

1

] (2.25)
—|—/ Uy (Vy — Uy)dx.
y

1

Writing down in each intervals
ux(Vx —tyx) = (Ux(V — )y — uxx (v —u),

it comes after integration

/ x (U — y) dx =ux (v —w)[g' +ux (v — )}
Q

1

Y1
— | V=P dx +ucw—w), .

X1
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(We used the fact that u,, = 0 on (0, x1), (y1, 1)). Since u, v vanish on the boundary
of Q and since u is clearly a C!-function it comes

y
/ Uy (Vy —uy)dx = —/ l Yex(V—1vY)dx YveK(,h). (2.26)
Q X1
Since ¥,y <0, v > ¥ on (x1, y1) it comes
u € K(,h), / uy(vy —uy)dx >0 VYve K, h), (2.27)
Q

and u defined by (2.24) is solution to (2.16), (2.17). This completes the proof of the
proposition. O

Remark 2.2. The variational inequality (2.17) is called an obstacle problem (see [5],
[15], [19]). The set

1, 1l ={x € Q| ux) = ¢ (x)) (2.28)

is called the “coincidence set” of this obstacle problem.

One should also notice that it holds that

Uy <0 inQ,
uxxy =0 inQ\ [x1, y1], (2.29)
u=1vy in[xg,y]

(h is directed downward.)
Let us now come back to our problem (2.9). Due to (2.14) and Proposition 2.1 we
see that if a solution exists then

uo = uo (%o, ho)
and it holds that
Ew, h);¢,h) <E;¢,h) Yue K@, h). (2.30)

Thus, for u = u(¢, h) let us set
1
e(¢, h) = —/ u? dx — Gh. (2.31)
2 Jq

Due to (2.30), the problem (2.9) reduces to minimize e(¢, k) on (r, 1 —r) xR, i.e.toa
minimization problem in two dimensions. However, the set where we are minimizing
is not compact and we do not know yet if the function e = e(¢, h) is continuous. This
is what we would like to address now. For that let us find the expressions of x, y; in
term of ¢, h. We have
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Lemma 2.1. Let us assume h > —r and the notation of Figure 6. Then it holds that

r2¢ 4+ rhy/h? +¢2 —r?

x=x1@h) =t - i (232)
2 2 2_ 2
20— +rhyh2+ (1 -0 —r
= Jh) = . 2.33
yi=y1(¢,h)=¢+ 2t (=072 (2.33)
In particular, x1, y| are differentiable.
Proof. Since 0X| and X C are orthogonal it holds that
xi(x1 — &) + Y)W (x1) —h) =0,
= @ =+ V- @ - O - -2 =0,
= =+t — (-2 =0.
Setting X = ¢ — x1 we get
—{X—{—rz—i—h r2—X2=0
= R -XH=0*-cX)? CX-r)-h=>0. (2.34)
Expanding the square in the first equation it comes:
X*2+hY) =27 X+t —r?h? =0 (2.35)
2 2r2§X r4 —r2p?
— — =
24+ hr 24 0?
v rZé. 2+(r4_r2h2)(§2+h2)_r4§-2 —o
4—2 +h2 (4-2 —I—h2)2
v },.2; 2=F2h2{§2+h2—}’2}
2+ h? (&2 + h?)?
P2 £rhyc2 +h? —r?
X = . 2.36
= S (2.36)

(Recall that ¢ € (r, 1 — r) so that the term under the square root symbol is positive.)
Going back to (2.34) we see that

(X=r"+thyr2—X2, (X—-r*)-h>0

so that X is the largest root of the equation (2.35) for 2 > 0 and the smallest for 2z < 0.
Thus X = ¢ — x; is given by (2.36) with the sign +. This leads to (2.32). The proof
of (2.33) is similar changing ¢ into 1 — ¢ and this is left to the reader. 0
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In order to minimize the function e(¢, h) we first study its differentiability. We
have then:

Theorem 2.1. The functione = e(¢, h) defined by Equation (2.31) is differentiable on
(r, 1 —r) x R and it holds that:

e Forh < —r

8—e( h) =0 %( h) =-G (2.37)
a;g’ o Bh;’ - '

e Forh > —r

de L 2
a7 &M =l —vrenk
(2.38)

de

— (&, h) =Y (x1) — ¥ (y1) — G.

oh
Here x1, y1 are the points given by (2.32), (2.33) and v denotes the derivative in x
of the function .

Proof. a) A formal proof.

The rigorous proof of (2.38) being tedious let us give first a formal proof of it. We
restrict ourselves to the first formula of (2.38). Due to (2.31) — if every differentiation
under the integral sign is justified — we have

de 10
&(C,h)= 29¢ Quidxzv/s;uxuxgdx (2.39)
with an obvious notation for u,;. Now, clearly, we have
u=u(,h)y=0 at0,1 V¢, h. (2.40)

(Recall that u = u(¢, h) is the solution of the variational inequality (2.17)). Thus it
holds that

ur =0 at0,1 V¢, h. (2.41)

Integrating the last integral of (2.39) by parts we get

1
g—;(g‘, h) = _./0 Uyxly dx.

Due to (2.29) we obtain then

de yi
&(f, h) = —f VaxWe dx. (2.42)

1

According to (2.3) we have
1/’4“ = _Wx



Elastic deformations of membranes and wires
so that (2.42) becomes

de n — N d 1 2 2
i(f, )—/x1 Vaawdx = S{(y1)” = ¥ )7}

which is the first formula (2.38).
b) The rigorous proof.
First, due to (2.23), (2.31) for & < —r we have
e(é" h) = -

and thus (2.37) holds in this case.
Let us assume that 2 > —r. Due to (2.24), (2.31) we have

L[, 1, 1,
e(§,h)=§/0 uxdx—f—if uxdx—f—E/ uydx —Gh
x| v

Vi

= L2+ )
_2x1xX1 2x|

Let us set

Applying the chain rule we get

0A 1 0x1 n 1 201

(¢, h) = —= 2 haddd d - A

T & h 2%(}61) o7 + s Yx¥xe dx + 21/fx(y1) T

(Recall that by (2.32), (2.33) x; and y; are differentiable and so is ¥/).
Since by (2.3)

1!fxg“ = _wxm
(2.46) can be written
0A _1 )8x1 B 2 ( 5 01
T Elﬁx( 1 ng 1/fx( )? —%()’1 + % y? e
Going back to (2.44) and differentiating ¢ we obtain
] 1 0 oYy
Grem =3 —wﬁ(x1>ﬂ o) a4 22
1 2001 AP (y1)
lﬁx(yl) o + A =y ) —— o
Yy
=) 2 4
3%()’1)

- —l/fx(yl) + (1 =y (1)

2 l . 2 _
de’“rz(l yDV¥; (y1) — Gh.

11

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)
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by (2.47). We remark then that

x1¥x(xr) =¥ (x1) and  (yr — D (y) = ¥ (yn), (2.49)
hold for any (¢, #). Thus differentiating in ¢ these equalities we obtain

d 8y (x1) 5
Ve ( 1>ﬁ+ 8;“ =t/f;<x1>+wx(x1>ai;, (2.50)
oYy 0
D2 4 = 2D G o 2L 2.51)
s aC 3¢
Thus it holds
v, e
X ‘”aif”) = Y (r1) = —Yp(x1). (1 — 1) ‘”aéy‘) = Y (y1) = = (31).

Reporting this to (2.48) we obtain the first formula of (2.38). To get the second formula
we proceed similarly. We have first by the chain rule and (2.45)
dA 0A 5 0x1

= 1 201
EY E(C,h) ——lﬁx(m) ——l—f wxwxhdx+§wx(y1) T (2.52)

Since Y¥yj, = Yp = 0 it comes
dA 2 y1

o ——Wx(m) - + %(yl) (2.53)
Differentiating e given by (2.44) in the & direction we obtain
d Yx
e ) = —w <x1>— + 219 (x1) ‘” (’”) =
Yy
- El/fx (Y1)_ + A = yD¥ (1) Waéyl) -G (2.54)
X a X
= xga e ( ) Fa o0 2 g
by (2.53). Differentiating then (2.49) with respect to 4 we obtain
a RV 0
Ya (e S+ ‘/’82’“) = Y e) + Y () ok
x 0
wx(yoﬁ +On - 1)% = () + ¥ ) 2
and thus
0V Yy
xl% =) =1 (- 1)%@1) =g =1 (@255

Using that in (2.54) leads to the second formula of (2.38). Now, clearly when i > —r,
h — —r, ¥x(x1), ¥x(y1) — 0 and thus these partial derivatives of e are continuous
in (r,1 —r) x R. The differentiability of e follows and the proof of the theorem is
complete. (]
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We can now solve the problem (2.9). We have

Theorem 2.2. The problem (2.9) admits a unique solution given by

1 G G?
- hp=——r 1+T, uo = u(&o, ho) (2.56)

where u(o, ho) is the solution of the variational inequality (2.17) given by (2.24).

Proof. First let us remark that, as we could expect, the disk reaches its equilibrium
when centered in the middle of the wire.

As observed below (2.31) the problem (2.9) reduces to minimize the function
e(¢,h)on (r,1 —r) x R. Let us consider first # > —r. Then, due to (2.38) we have

de
a¢

Thus in this case the minimum of e(¢, k) is clearly achieved for { = % For h< —r
we have

1 de 1
(¢,h) <0 V§<§, &(g,h)>0 V§>§. (2.57)

e, h) =—-Gh (2.58)

i.e. e is independent of ¢ and of course the minimum of e is achieved also for ¢ =
Lo = % Thus, we have now reduced the problem to minimize e(%, h) over R. For
h > —r one has

d 1 de (1
{8<— h)} ( h) =Y () =¥ () =G =2y (x1) =G (2.59)

dan|\2°" )| T an\2’
since for symmetry reasons ¥, (y1) = — ¥y (x1).
Thus, we have
d 1 G
ﬁ{e<§, h)} <0 fory,(x)) < 5
d | G (2.60)
%{e<§, h)} >0 for ¥, (x1) > )
and a unique minimum is achieved on (—r, +00) when it holds that
G
Velx) = =Y (n) = - (2.61)
Since e is continuous for 2 = —r, this minimum is also the minimum of e(%, h) on

the whole real line. This completes the proof of existence and uniqueness of a unique
minimizer (uq, o, o). To determine hg, if we set

G
5 = tang 0 (2.62)
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then we have (see Figure 7)
T

ho = i 0) = 0
= — —rSsi| — — = — — r COS
0 X]z r ) X12 r COS U,

_ T 9 _1 "
X1 =¢ —rcos 5 =5 rsind.

Figure 7. The equilibrium position of a single disk

From this it follows that

ho =

= Q

G
?rsine —rcosf

with (by (2.62))

G
sinf = — cos 6.
2

Since
GZ
1 = sin? 6 + cos’ 6 = (1 + T) 00529,
we obtain
1 G 1
cos@:—z, sinf = — - -
G G
14+ vy 1+ x
and by (2.65)
G G?
ho= — — 14+ —.
0 1 r + n

This completes the proof of the theorem.

(2.63)

(2.64)

(2.65)

(2.66)
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2.2 The case of one square on a wire

In this section we would like to address the case of a square moving freely on an
elastic wire. We will not provide all the details of the analysis in this case referring
the interested reader to [2], but we would like to show that a surprising behaviour can
happen in this case.

The setting is the same as in the previous section. We suppose that in its undeformed
configuration the elastic wire occupies the domain 2 = (0, 1). We denote by 2r the
length of the sides of the square and by G its weight.

If Q denotes the closed set of the points occupied by the square we will always
assume that

0 CQ2xR. (2.67)
We will denote by P = (¢, hp) the barycenter of the square — see Figure 8. For

0 Sp 1
* X

hp |-\ . p

A
h B

Figure 8. A square on a wire

u e HO1 (2) we set
C,={(x,h) e QxR |h<ux)} (2.68)

(Recall that a function in HO1 (€2) is a continuous function in this case — see [6]). Then,
for a position Q of the square, an admissible deformation of the wire is a function u
in Hj () such that

0 CC,. (2.69)
The energy of an admissible deformation is given by the same formula as in the

preceding section. Then we would like to find

(IQn£) 3 /;2 uy(x)dx — Gh; (2.70)

when Q is located in the strip 2 x R and when u € HO1 (€2) is such that (2.69) holds.
h,g denotes the second coordinate of the barycenter P of the square occupying the
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position Q. More precisely we would like to show that the problem (2.70) admits a
solution which is unique up to symmetry. As for the case of a disk we need the square
to be able to fit inside the interval (0, 1) and in order to insure that we suppose
! 2.71
r< 1 2.71)

In (2.70) we are minimizing over a set of isometric squares and admissible deforma-
tions so that the situation seems slightly unusual. As we have done in the case of a
disk we are going to reformulate the problem as a minimization problem on a subset
of R%.

Suppose that the position of the square Q is fixed in the strip 2 x R. Denote by
Io = I1,(Q) the interval of €2 projection of Q on the x-axis (II, is the orthogonal
projection on the x-axis). For x € I set

Yo(x) =Suply | (x,y) € Q}. 2.72)

Then, clearly, the function /¢ is a function describing the lower border of Q. Then,
with this notation, the constraint (2.69) can be written

ueCo={ucH(Q)|ukx)>yox)onlp}. (2.73)

It is clear if (Qo, uo) is a minimizer (2.70) that it holds that

1 1
ug € Co,, —/ ud, dx < —/ udx Yue Cg,, (2.74)
2 Je 2 Jg
i.e. ug is solution of the variational inequality

upg € CQov

(2.75)
/ uox(vy —upx)dx =20 Vv e Cg,.
Q

(It is easy to see that Cg, is a closed convex set of HO1 (€2). As in the case of a disk,
ug is the projection of 0 on Cg,, — see Proposition 2.1.) Thus, for Q satisfying (2.67)
we denote by u = u ¢ the unique solution to

ueCop,

(2.76)

/ uy(vy —ux)dx >0 VveCop.

Q
It is then clear that (2.70) is equivalent to
1

Inf - | u% dx —Gh&, 2.77
QC?2><]R 2 /5; ox 4X P ( )

i.e., we minimize on Q only. Now, a square is perfectly determined by the position
of two of its vertices — for instance by A, B as in Figure 8. A being the further left
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vertex and B the further down. If we set

A = (xa,y4), B=(xp,yp) (2.78)
we can always assume that

O<xa<xp<l1, ya=<ys (2.79)

(recall that the vertical axis is directed downward). Now, the two points A, B are not
able to move freely. They always have to fulfill the constraint

(xa —xB)> + (ya — yp)* = 4r% (2.80)

If we choose A, B satisfying (2.79), (2.80) the square Q is perfectly determined and
we have

1

E/Q“%zx dx — GhQ = e(x. ya, X5. VB) (2.81)

i.e. the energy that we have to minimize is a function of the points belonging to the
subset of R* defined by (2.79), (2.80). Then, using a compactness argument we can
show

Theorem 2.3. The problems (2.70), (2.77) admit a minimizer.

Proof. As seen above, it is enough to minimize (2.81). We refer the reader to [2] for
the details of this minimization. 0

Now when it comes to find minimizers for (2.70), (2.77) the first guess is to think
that the square will find its equilibrium by sitting horizontally in the middle of the
wire. It is true for small values of the weight of the square. Surprisingly this holds
no more when G becomes large. In other words, the horizontal position of the square
becomes unstable when the tension of the wire increases. We have indeed

Theorem 2.4. Assume that
G<2W3-1 (2.82)

then the problems (2.70), (2.77) admit a unique solution given by a square centered
in the middle of the wire (see Figure 9) with

1 1 G
XA=5=h Xp=5+0n yA=yp=S\577) (2.83)

Assume that

2V3-1) <G <2 (2.84)
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=g G<2(W3-1)

A B

Figure 9. The square sitting in the middle

then the problems (2.70), (2.77) admit two solutions. One is given by A, B satisfying

1 r 2v/G? +4G — 8
XA ==-— 2+ , (2.85)
2 JGr+ 4G -4 G
G
A= — G+VG?*+4G - (2.86)
g 4 VG2 +4G -4 N R %)
1 VG2 414G -8
xp =g ) + ) (2.87)
2 JG? + 4G -4
G
yg = — 2—-vVG?+4G -8 (2.88)
4 VG2 +4G -4 T rae 3. )
The other solution is obtained by reflection with respect to the vertical axis x = %
(see Figure 10).
% — - g % _ ~ g
4 i 2/3-1) <G <2 5 c

Figure 10. The two disks are slightly tilted

Assume that

2<G<2V7 (2.89)



Elastic deformations of membranes and wires 19

then the problems (2.70), (2.77) admit a unique minimizer given by a square centered
in the middle of the wire with A, B given by

1 G/[1 1 G G
—_ — 2’ —_ | — = 2 s = -, = — 2 1—— 290
XA 2 fr YA 2(2 \/—r> XB 2 YB 4+\/_r< 2) ( )

(see Figure 11).

Figure 11. The square is centered again

Assume now that

277 < G (2.91)

then the problems (2.70) or (2.77) admit two symmetric solutions — see Figure 12.

B B

Figure 12. The square tilts again for large G

Proof. Wereferto[2]. Letus just mention that the proof relies on Lagrange multipliers
technique. In the case of (2.91) it is also possible to determine A and B exactly.
However, the expressions are complicated. They are given in [1], [2]. 0
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2.3 Some open questions

As we mentioned in Remark 2.1 one can consider the case of an inhomogeneous
wire and the case of an inhomogeneous two dimensional body sitting above it: for
instance a disk, a square... In the homogeneous case — for an object or a wire — one
can consider the case of a rectangle which should be a variant of the case of a square.
More challenging is the case of an ellipse. Indeed in this case, depending of the weight
of it the equilibrium positions should be like in Figure 13 for light weights and like in
Figure 14 for large weights, i.e., when the ellipse is light then it should be lying with
its long axis horizontal and on the contrary with its long axis vertical when the weight
is large. (Note that the scales of the figures are not the same.) Of course the example
of the square tells us that in between or for very large weights a tilted position could
also occur. We leave these issues to the reader’s curiosity.

Figure 13. The case of an
ellipse with light weight

Figure 14. The case of an
ellipse with large weight

Another variant of the above problem is to consider an energy related to the arc
length of the deformation (which would correspond to the mean curvature operator in
higher dimensions). In this case one would minimize

1
S / 2 _
E = 2/9 I +ax)uz(x)dx — Gh (2.92)

and all our analysis has to be revisited.

Of course the notation of equilibrium refers also to an evolution process, i.e. the
equilibrium reached for instance by the disk corresponds to the final state of its motion
when we drop it on the wire and let him roll freely. This has to be established math-
ematically and in particular the evolution problem has to be defined and considered
together with its asymptotic behaviour.
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3 The case of two disks on an elastic wire

3.1 Formulation of the problem

We consider two solid disks of different sizes and weights allowed to roll freely on an
elastic wire — see Figure 15.

0 X1 1 X2 ¥ 1
T N X
& gg\giz
_ S
mib—e ) o
X1 S
By b R B
2 Y : 0)
X
A\ 4
h

Figure 15. Two disks rolling on a wire

We denote by r1, r, the different radii of these disks and by G1, G, their respective
weights. In its undeformed state the elastic wire is supposed to occupy the interval
Q = (0, 1). Letting roll the two disks on it, they will reach an equilibrium position
that we would like to determine. First, as we did before for one single disk we notice
that the position of the disks is completely determined by the location of their centers

Cir= (1, h), Ca= (&, h2). (3.1)
If u is an admissible deformation of the wire — we will come back to this point later —
the energy of the configuration is given by

1
E= —/ u?dx — Gihy — Gahy. (3.2)
2 Ja

Our goal in studying this one dimensional problem is to get some insight on what
happens in higher dimension that is to say for instance for two balls rolling on a
membrane.

First, we will assume that both disks are located in the strip 2 x R, that is to say,
that

Gi€(ri,l—r), i=172. (3.3)
Next, we will suppose that
@1 = &) + (I —h2)* = (r1 +12)? (3.4)

i.e. we will not allow the disks to interpenetrate each other.
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The lower part of each disk can be described by the function

Vi = Y =+ 1P - (o= )2 i =1,2, (3.5)

defined on B(¢;, ri) = (& —ri, ¢ +r;i). Then, an admissible deformation is a function
u such that the disks are located below u — note that we suppose the vertical direction
h oriented downward (see Figure 15). More precisely an admissible deformation is a
function u such that

ueK=K(C,C)={ve HOI(SZ) [v(x) > Yi(x)on B(&,ri)i=1,2}. (3.6)

Then the problem we have to consider is to find

1
. gllfcz) 5 fﬂ u?dx — Gihy — Gahy (3.7)

where u belongs to K and C1, C, the center of the disks are satisfying the constraints
(3.3), (3.4).

We would like to show first that one can reformulate the problem (3.7) as a min-
imization problem in R*. Assume that we have found an element (u°, C ?, Cg ) =
P, §?, h?, §g, hg) minimizing (3.7). Then, clearly, u° minimizes

1
3 /Q v2dx — G1h — Gh)
on the set

K =K%, 19,6, hd) = {v e HH(Q) | v(x) = ¢i(x) on B(&L,ri), i = 1,2}

i.e. since —G1hY — G,h) is independent of v, u is the solution of the variational
inequality

ul e KO,

/ (v, —u®)dx =0 VveKk°
Q

Thus, for & = (¢1, h1, &2, hy) € R* we introduce u = u(€) the solution of the
variational inequality
ue K ={veHy(Q) |vx)>v;x)onB.r), i =12}

(3.8)
/ux(vx_ux)deO Yve K(§),
Q

and we set for u = u(&)

1
e®) = e(ty, b 62, h0) = 5 /Q W2 dx — G1hy — Gahs. (3.9)
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The problem (3.7) is then clearly equivalent to:

find €9 = (¢0, 1Y, ¢, hY) satisfying (3.3), (3.4) such that

0 . (3.10)
e(€”) <e() V& =(&,h1, {2, hy) satisfying (3.3), (3.4).

Thus, our problem is reformulated as a problem of minimization on R*. Note that the

set of points where we are minimizing — see (3.3) — is not compact and even if e is

continuous, as before, some work has to be done to obtain the existence of a minimizer.
First — and without loss of generality — we will assume all along

r > r. (3.11)

Moreover, we will suppose that when one of the disks is sitting on the wire we can
always fit the other one on one side or the other. In other words we will suppose

1
2ri +r < 5 (3.12)

3.2 Preparatory results

Let us denote by D; = D;(C;, r;),i = 1, 2 the closed disk of center C; = (¢;, ki) and
radius r;. Due to our assumption (3.3) the two disks are located in the strip (0, 1) x R.
Denote then by U the convex hull in R? of D; U D, U [0, 1] x (—00, 0]. Then for
x € [0, 1] set

u(x) =Sup{y | (x,y) €U} (3.13)
One has:

Proposition 3.1. The function u defined by (3.13) coincides with the solution u =
u(€) = u(¢y, hy, &2, ho) of the variational inequality (3.8).

Proof. In the case D1, D, C (0, 1) x (—o0, 0] one has
u=20

and u = 0 satisfies clearly (3.8) in this case.

Let us assume now that we are in the case of Figure 15 — which is somehow the
generic case. ¥ = u(£) is the function shown on the picture. Then it holds — with the
notation of Figure 15 — for any v € K (§):

1 1
/ ux(vx—ux)dx=/ (ux (v — 1))y —uxx(v —u)dx, (3.14)
0 0

where the second integral is understood as the sum of the integrals on (0, x1), (x1, y1),
(v1, x2), (x2, y2), (y2, 1) intervals on which u is C2. The first integral of the second
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side of (3.14) vanishes. Indeed this follows after summing the equalities:

/xl(uxw —whdx == | | == W),
0

Vi

(@ =) dx =uw—w [ =u =0 = w0 =0,
X1 X1

(We use the fact that u is C!, v — u = 0 on {0, 1}.) Thus, from (3.14) it follows that

X ,
/0 uy(v—uy)dx = — le Yixx(v — Y1) dx — ):2 Voxx (v — Y2)dx (3.15)

>0 VYveK(®&).

(It is due to the fact that u,, = O outside (x;, y;) and the fact that ¥, <0, v >
on (x,', y,'), i =1, 2).

This completes the proof in this case. In any other case one proceeds with the
same arguments splitting the integral into the different intervals where u is of class
C?. Note that this works also when the disks are interpenetrating each other. The
details are left to the reader. O

Remark 3.1. What we call above the other cases is for instance when only one disk
is touching the membrane, or when the small one is located below the large one — see
below Figure 17.

Remark 3.2. We can define the coincidence sets

L={xe@|ux)=vi(x)}, i=12. (3.16)
Then, the solution u satisfies clearly
—uyy >0 in (0, 1), (3.17)
uxyy =0 in(0,1)\ 1 U I, (3.18)
u=1vy; onl, i=1,2. (3.19)

‘We can now show:

Proposition 3.2. The function e = e(¢1, hy, &2, ha) defined by (3.9) is continuous on
the set of points € = (&1, h1, 8o, hy) € (r1, 1 —r)) xR x (r,1 —r) xR,

Proof. As already mentioned in the previous proposition we can relax the assumption
(3.4) in the definition of e since u = u(§) is perfectly defined when the disks are
penetrating each other. Due to the definition (3.9) the continuity of e will follow if we
can show that the mapping

£ / u(@)2(x)dx
Q
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is continuous. (u (&), (x) denotes the derivative of u = u(§) at the point x). But when
& — & we have u(¢')y — u(&), uniformly on each interval where u(¢) is C 21t

follows that
/ u(EH? dx — / u(€) dx
Q Q

and the continuity of e is proved. O

We now determine precisely the coincidence sets 1, I. First we have

Proposition 3.3. In the case of Figure 15 it holds that:

r12{1 +r1h1,/h%+§12 —rl2

X1 =141 — , (3.20)
ht+&f

r

yi=1741— ﬁ{(hz —h)Vd? = (r1 —r)? = (rn —r) (& — &)}, (3.21)
r

X2 =0 — d—z{(h2 —h)Vd?> = (r1 —r)? = (r1 — ) (& — &)}, (3.22)
r3(1 =) +rhyh3 + (1= 02)% —r3

n=6+— V' 2 (3.23)

h3 + (1 — £)?
where d = \/(hy — h1)? + (& — 01)2.

Proof. The first and the last formulae above are obtained exactly as in (2.32), (2.33).
To obtain the second formula of (3.21) let us enlarge Figure 15 — see Figure 16

1

G
r

X2

Figure 16. The blow-up of part of Figure 15
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We have then clearly

Y1 =& —rysint, xp = ¢ —rpsint. (3.24)
Moreover
t=1—0
= sint =sint cosf — sinf cosT.
Clearly
. ry—r d> — (ri —rp)?
0 = , 0 = , 3.25
sin y cos 7 (3.25)
. hy — hy =61
= ) = . 3.26
sint p CcoST p ( )
The formulae (3.21), (3.22) follow. O

The coincidence set /1 (see (3.16)) might be not connected when r, < r; and when
the small disk is located below the large one — see Figure 17. Then one can show:

0, X & i 1

/ 32, ¥2(12) = Vs

Xo = (x2, ¥2(x2))

Figure 17. The case of the little disk below the large one

Proposition 3.4. Assume that we are in the case of Figure 17. It holds:

}"12{1 + rlhl,/h% =+ {12 — r12

, (3.27)
ht+&f

X1 =48 —
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r12(1 - )+ rlhl\/h% +(1—¢p)2— ,,12
h + (1= ¢1)?

xp=¢— ;—12{012 —h)(r1 —r) + (& — V> — (r — )?}, (3.29)
V=104 — :1—12{@2 — LDV A? = (r1 —r2)? — (ha — h1)(r1 — r2)}, (3.30)

X2 =10 — ;—é{(hz —h)(r1 =) + (&2 = ¢Vd* — (r = r2)?), (3.31)

n=a-+ , (3.28)

»==0- ;—22{(4“2 — ¢V A? = (r1 —r)? — (hy — h))(r1 — ). (3.32)

Proof. 1t is clear that the formulae (3.27), (3.28) are just (3.20) and (3.23). To prove
the other equalities let us enlarge the bottom part of Figure 17 — see Figure 18. As
before we have

xi:{l—rlsint, Xy = ¢ —rpsint

Figure 18. The blow-up of Figure 17

withr =t 4+ 7+ 5 —0ie.t =6 —1+ 7. Sowehave
sint = cos(d — t) =cosfcost + sinfsint

with sin 6, cos @, sint, cos T given by (3.25), (3.26). The formulae (3.29), (3.31)
follow. The last formulae are obtained the same way. O

We can now turn to the differentiability of e. We have first:
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Proposition 3.5. Let & = ({1, hi, &2, ho) be a point of R* such that the configuration
is the one of Figure 15. Then e is differentiable at & and it holds:

0 1

5§}<s>=:E{w?w(y1>—-wix<xn}, (3.33)

de _ 1, 9 334

56, ® = 303,02 — v3, () (3.34)

0

5?@)=¢1Am)—¢mﬁm)—Gh (3.35)
1

0

i@) = Y2 (x2) — V2 (32) — Ga, (3.36)
2

where x;, y; are given by (3.20)—(3.23).

Proof. 1. Formal proof. Let us for instance prove (3.35). Differentiating under the
integral sum, it comes — see (3.9)

de

oh; ¢é) = /quuxhl dx — G1.

Integrating by parts we derive easily (see (3.18), (3.19))

de
3_}11(5) = _/Q”xxuh1 dx — Gy

= —/ Yixx¥1n dx —/ Y2,xx¥2.n, dx — Gy
I I
¥
= - 1ﬂl,x}c dx — G

X1

and the result follows. The other cases can be treated similarly.

2. Rigorous proof. We do it for (3.33). With the notation of Figure 15 we have

L5 Lo, 15 15
e=-Yi,(xDx1 + 5 Vi ) dx — =y (YD1 + 595 (x2)x2
2 2/, 2 2

1 [ 1
+5 [ V@ dx + S0 = 32093 (32) = Gy = Gaho.
X2

Due to Proposition 3.3 the x;, y; are differentiable. Thus, taking the derivative in the
direction ¢ — it is easy to see that every differentiation we will make is justified — we
obtain:

de 1,
a—(é”) = Y1, (Dx1g X1 (eD) (Y1 (x1)g
1 2

1 2 1 2
+ Ew],x(yl)yl,fl - El//l,x('xl)xl,fl +
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Y1 1
+/ Y1x¥i,xg dx — Elﬁlz,x(yl))n,;l = 1Y) Wx(y1))g

1

1
+ EWZZ,X()Q)XQ,;. + 22,0 (X2) (Y25 (x2))s,
1, 1,
+ zllfz,x(yz)yz,gl - EWQ,X(Xz)Xz,;l

»2 1
+ [ Vg di (L= y2)¥0 () (V2.6 (02 = S¥3(2)¥2.

X2

Using the cancellations it comes (note that v, y, are independent of ;)

0
a—e@ = X110 () (P (61,
&1

Y1
+ Y1V xg dX — 11D W1 (01))g (3.37)

X1

+ X2V, x (x2)) (V2,5 (X2)) ¢ -
Since ¥y x(y1) = ¥2,x(x2) we have
Y2 (x2) — Y1 (y1) = Yo x(x2)x2 — Y1 x (Y1) y1-
Differentiating in ¢; we get

Yo x(2)x2,0, — V1,0, (1) — Y1, x (YD1,
= Yo x(x2)x2,5; + (Y26 (x2)) g, x2 — (U1 x Y1)y — Yix (YD Y1,¢-

Thus we obtain

V1,001 = (W2 x(x2)) gy X2 — (Y1, (V1) V1
Since Y2 x (x2) = ¥1,x(V1), ¥1,0 = —¥1,¢, it follows from (3.37) that

9 I
a—;(%‘) = x1 Y1 (D) W1 (1) — Y1 Wiax dx + Y1 ()% (3.38)

X1

Using now the equality

Yi(x1) = x191,x(x1)
and differentiating we obtain
Vo () + ¥ (e)xg = v (DX g + X1 (x)g
Le. = x(x1) = x1 (Y1 x (X)) -
Reporting in (3.38) we obtain

a 1 Y1
é@) = —Y1a)’ - 5 i W2 O dx + Y1 (31)?
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and the result follows by integration. Note that the differentiability follows since
the partial derivatives that we obtain are clearly continuous. The other cases can be
handled the same way. O

In the case of Figure 17 one has

Proposition 3.6. Let & = (£1, hy, &, h) be a point of R* such that the configuration
is the one of Figure 17. Then e is differentiable at & and it holds:

0 1

8—;@) = WD =¥ 0D + ¥ 00 = v D) (3.39)
0 1

a—;(s) = 33,02 = v, ), (3.40)
0

a—hel@ = Y1) — V1o () + Y1x O] — Y1 O01) — G, (3.41)
0

i@) = V2.2 (12) — Y2.:(32) — Goa. (3.42)

2

Proof. 1t is identical to that of Proposition 3.5 and we leave the details to the reader.
O

Remark 3.3. In the case of Figure 15 and when y, — x, one has a%(é) — 0,

a%(é) — —G». This corresponds to the case where the second disk does not touch
the wire. Similarly when one passes from Figure 18 to Figure 15 the derivatives change
smoothly in such a way that the function e is of class C' on its domain of definition —

i.e. forevery £ suchthaté € (r;, 1 —r)) x R x (r3,1 —rp) x R.

3.3 Existence result

In order to show that the infimum (3.7) is achieved we will restrict the problem on
a compact set by showing that only some configurations has to be considered in the
minimization process (3.7). So, let us show

Theorem 3.1. Under the assumptions (3.3), (3.11), (3.12) there exists (u, Cy, C2)
achieving the infimum (3.7).
Proof. We split our arguments in several steps.

Step 1: We can assume h| > —ry, or hp > —r».
If not we have h| < —r, hp < —rp — 1.e. both disks are located above the rest
position of the wire and u = u (&) = 0. Thus one has

e=—G1hy — Gahy = Gr1 + Gar. (3.43)

If one considers only the disk D on the wire it will take an equilibrium position with
hi; > —r; and an energy < Girp (see for instance Section 2). Thus for D; in this
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position and D; at the level iy = —rp —i.e. in such a way that it does not touch the
membrane which is possible by (3.12) — the energy e of the configuration will be

e < Gir1+Garp

which contradicts (3.43).

Step 2: We can assume or consider only the situation &1 > —ry, hy > —rs.
Indeed from step 1 we can assume h; > —r; fori = 1 or 2. Assume that for j # i
itholds #; < —r;. Due to (3.12)we can move D; on one side or another of D; until it

Figure 19. The two disks have to touch the wire

touches the wire and thus is such that #; > —r;. This process will lower the energy
since u will be unchanged but /; will increase. We can go down until the two disks
touch each other (see Figure 19).

Step 3: We can assume —r; < h; < H where H is some constant.
Indeed first we know that we can assume /; > —r;,i = 1, 2. Then, by the Poincaré
Inequality there exists a constant ¢ such that

1
e=—/ u,%dx—Glhl—Gzhzzf/uzdx—Glhl—Gzhz.
2 Ja 2 Ja

Choosing /#; > 0 will cause u to be greater than i; — see (3.5) —on B(¢;, ri). In other
words we will have

> gn(r%h% +r2h2) — Gihy — Gahs.

Selecting ||h]|co = Max{|h|, |h2|} large enough we then force e to be larger than the
infimum (3.7) and a contradiction. One can thus assume 4; < H,i = 1,2 where H
is some constant.
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Step 4: Analysis of the configuration of Figure 15.

Suppose that h; > —r;, i = 1, 2. Suppose that one of the disks is not touching the
wire. Then moving it down will cause a decrease in its energy — see step 2. We can
thus assume that both disks are touching the wire. Then we would like to show that in
a case like in Figure 15 it is not necessary to consider all the configurations but only
the ones where the disks are in contact — i.e. the ones for which the constraint (3.4) is
saturated. Indeed consider a case where

(&1 — 0)* + (hy — h2)* > (r1 +12)*. (3.44)
We claim that Ve = (;’% e 2 3372) £ 0. Indeed, if not, from (3.33), (3.34) we
derive

Ui ) =7 () =95 () = 93, (32).
By (3.35), (3.36) — recall that | x(y1) = Y2, (x2) — this forces

G+ G
1//l,)c(xl) = _w2,x(y2) = T
But then ¥y x(y1) = Y2x(x2) = i% which renders ;Tel =0 or 3% =0

impossible. Thus one of the derivatives of e is not equal to O and moving one disk
around will cause a decrease in energy. One can thus assume that (3.4) is saturated.
Due to the symmetry of the problem we can assume without loss of generality that

&1 =& (3.45)

So, consider a configuration of the type of Figure 15 where the two disks are in contact.
Suppose that 11, h; are maintained fixed and move the two disks horizontally in order
to search the minimum of energy in this situation — i.e. assume

=101 +cst=1¢1 +y. (3.46)
Due to (3.33), (3.34) it holds that

ie({ hy, &1+ h)-(ﬁ—kk)(f hi, 81+ vy, h)
d{l 1 1,61 y? 2) = 3;1 8(2 1 1,61 J/» 2

_ 1 2 2
= 2{1ﬁ2,x(y2) Y, (D}
Thus, the minimum will be achieved for

=2, (32) = ¥ x(x1).

This imposes that the two disks are tangent to the lines with slope

A=Y1x(x1) = =v2x(y2)
(see Figure 20). Thus it holds that

(3.47)

| =
IA
S
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‘We obtain

Figure 20

\

1
§1=§2+§1—C2_5—(r1+r2)25+r1,

1
§2=§1+Cz—§1§§+(rl+rz)§1—r2—8

where § = % — (2r1 +r2) > 0 by (3.11), (3.12). So, we can assume in this case due
to step 3 that ¢ = ({1, h1, &2, ho) belongs to a compact of R*.

Step 5: The case of the configuration of Figure 18.

Of course this configuration has to be considered only whenr, < ry. Then, arguing
as in the preceding step — i.e. assuming /1, k> fixed and ¢, > such that (3.46) holds
we have — see (3.39), (3.40)

d
Ee(ﬁ,hl, &1 +v,ho)

de de
=(—+—)C.m.c+y.h
(3C1 8§2>(§1 1,61+ vy, h2)

1

= S OD =¥ 00 + YT 00 = ¥ 0D + 93, (2) — V3 (1)
1

= S o0 —vi ).

Thus the minimum is achieved in this case for

—V1,x(y1) = Y1 x(x1)
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ie. for & = % It holds then that

1 1
he [E—Vz,z-i-rz] C(r2,1—r2)

and we can only consider & = (&1, h1, &2, hy) for € belonging to a compact subset
of R?,

Step 6: End of the proof.
One minimizes e, a continuous function, (see Proposition 3.2) on a compact subset
of R*. Thus the minimum is achieved. This completes the proof. 0

3.4 Research of the minima of energy

We consider first the case where the disks are like on Figure 20. We have seen there
that a minimum can be reached only when

wl,x(xl) = _1/f2,x(y2) =A.

Now, letting ¢1, ¢{» fixed and moving the disks vertically we see that a minimum can
be achieved only when

9 3
2 )G 4+Gr=0 = 1=(G1+G2)/2=G. (3.48)
dhy ' 0hs

In what follows we will assume that (3.48) holds so that G = (G| + G3)/2 is the
slope of the two tangents (in absolute value) issued from the end points of the wire.
Then, see Figure 20, the disks being tangent to these straight lines their position is
uniquely determined by the parameter

o =Y1x(y1) = ¥2,x(x2). (3.49)
Let us then compute the energy of the configuration in terms of «. We will set
T =tanp (3.50)

(see Figure 20). Then we have

_ NG AT T,
COSQ,:rl rz’ sing’:{l—(rl r2) } _ «/rlrz. (3.51)

re+r ry+r re+nr

Thus,

1
N tan o’

T =tanp = (ry —r)/2/r1r. (3.52)

Then, we can show
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Proposition 3.7. Assume that T < 1/G. Then, in the case of Figure 20, the energy
e = e(w) of the configuration is given by

- T+« s 1 —aT
e(a) =4/}”17'2{—T1n[\/1+012+Ol]+(a+G1 - G))——+6G —}
V1 +a? V1+a?
GZ
+”;rzln[x/l+GZ+G]—7+r1;rzG 1+ G2, (3.53)

Remark 3.4. ForT > 1/Gi.e.tang’ < G, the small disk can fit under the large one.

Proof of Proposition 3.7. Using the notation of Figure 20 we have

1 1
e=c¢(a) = E/ ujzcdx—Glm — Gohy
0

=-Gx1+ = Y1, () ds + —a“(x2 — y1) (3.54)
2 2 Jy ' 2
L2 5 I,
+§ 1//2’x(x)dx+§G (1 —y2) — G1h1 — Gahs.

x2

We have different quantities to compute. First

1 G
X1 =¢ —rysinf with tan =G — cosf = ——, sinf = ——
1+ G2 V14 G2
nG
——1 x1=§l_—' (355)
V14 G?
This allows us to get /2 given by
hy =Gx; —ricos =G¢ —rv1+ G2. (3.56)
Since tan¢ = o we have sint = a/+/1 + a? and
G—rising =4 — —e (3.57)
yi=¢ —rsint = — ——, .
V14 a?
¢ sint = ¢ g (3.58)
X2 =0 —rpsmt =0 — —F—, .
V1+a?
f+rasing = £ 4+ —22 (3.59)
2 =0 +rsnb =0+ ——. .
g V14 G?
Finally, for h, we get
hy =0 —-y)G —rycosd =—-0G6G+G—rvl+ G2. (3.60)

We come back now to (3.54). Due to (3.5) we have

Vix = —(x — {i)/\/m, i=1,2
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and thus

YA o=@ =)t - (= 6))
2
I L1 =1 (3.61)
ri —(x —&) 1_<x;§,~)

Thus, for i = 1, 2, a simple computation gives

1 yil//2()d 1( )+1/yi dx
— S (xX)dx = —=(y; — x; — _—
2 ), Vi 2T, To
1 ri Yi—=¢&i)/ri 5
= _E()’i —x;)+ 0} dy/(1 —y%) (3.62)
(xi=¢i)/ri

ri + (i — &) _lnri+(xz'—§i)}

1 ri
:_E(yi_xi)—i_z{ln ri — (i — &) ri —(xi — &)

Using now (3.55), (3.57)-(3.59) we obtain

1 o 1 ro rnG
— w (x)dx = < )
2, M Jita2 J1+G2 G63)
{ Vitad? -« «/I—I—G } '
V14 a2 +a v1+G + G
and
1 [ 1 o G
= w%xoc)dx:—(— — )
2 ’ 2 1 — 2 1 2

L { VI+G2+G 1«/1+a2—a}
JI+G2 -G VitaZ+al

Noting that

V14+x%2—x 1
In =1In = 2In[v1+x2 + x|,
V1i+x2+x (V1 +x2+x)? [ ]
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we derive from (3.63), (3.64), (3.54) that

ezé(a)z—wln[ 1+a?+a
1
”+ Zin[VI+ G+ G+ =1 — r)—e—

2 1+ a?

1( ) G +1G2<§ rnG )
— =N ) — by 1 — —YF/—
2 VI+G? 2 1+ G?

1 2( o
+ 0?0 - +(r1—r2)—>
\r-a 1+a?
1 2 7'2G
+ EG (1 - §2 - m) - Glhl - G2h2
=_@m[ 1+a?+a]+ 1+ 2 n[V1+G?+G]

1
+ E(rl —r)ayv1+a?

+1GAE — o)+ natt— &) + G
> &1— & > =& 2

1
— E(rl +7m)GV1+ G2 —Gih — Gahs. (3.65)
We turn now to the computation of 4| and 4. We have — see Figure 20
o=90+t. (3.66)

Thus

tan o + tant T+ «a
tang = ——O - . (3.67)
1 —tanptant 1 —aT

It follows that it holds

) 1 1 (1 —aT)? 4rir, (1 —aT)?
COS™" o0 = = = =
I+tan’o 1+ (222 (I+e)A+TH  (r1+m)? 1+a?

(recall (3.52)). Thus it comes

2./ 1 —aT 2./ T
COSo = ﬂ—a, sino =tano coso = ynry e (3.68)
r+rnJ1+a? r1+r2«/1—|—a
We derive then
T+«
ho —hy = (ri +rp)sino = 2./rirn—— (3.69)
V14 a2
and
1—aT
=861 =(r1+r2)coso =2./rir (3.70)

Jira
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From (3.56), (3.60) we have also
hi+hy=-G(—t)+G— (r+r)V1+G?

1 —aT 0
= —G2M—W+G—(7’1 —|-r2) 1+G2

Combining (3.69) and (3.71) we get

(3.71)

T+a 1 —aT G ri+r
W= AT G+ 2 N G g

V1+a? V1+a2 2
T+« 1—aT G (rn+r)
hy = Jrin—— — JrinG——+ — - —=V1+ G~ (3.73)
V1+a? V14+az2 2 2
Using (3.70), (3.72), (3.73) in (3.65) we obtain
e =@ = —yrnTh[V1+a+e]+ 2 w1+ G2 +G]
a(l +a?) , 1 —aT , 1 —aT
+ JrnT —— — /rnG ——— + Jr1ne ——
V14 a2 V1 +a? V14 a?
G? T+«
+ = - —(r1 + )GV 1+ G+ /rirn(G) — G) —
V1+a?
+ Jrim2G? LNNYCE NPT W pes:
J—
= —/rnTh[Vi+o? +a]+ 222 + Zn[V1+ G2 +G]
1 —aT T+«
+ /Gt —— +./r1r (a+ G — Gg)—
V1 V1+a?
G2
-+ i —;rzG\/1+G2
which completes the proof of (3.53). O

We are now able to differentiate the energy to get:

Proposition 3.8. Assume that T < 1/G, then it holds that

ryr
d@ = e \’012;/2{a3—Ta2+o¢[2—G2—T(G1—Gz)]—G2T+G1—Gz}. (3.74)

Proof. From (3.53) we derive

T o T+«
é(a) = «/rlrz{— +1)+
«/1+a2+a(x/1+a2 )
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/ 2 _ / 2
L@+ Gy — Gy 14+« (T+a)a/V1+a

(1+a?)
+G2—T\/W— (1 —oeT)a/m}
(1+a?)
= V|~ e e O G O
_GZM}
(1 +a2)32
Vi

T (1 +a?)n (o = Ta® +al2 = G* = T(G1 = G2)] = G*T + G — Ga).

This completes the proof of the proposition. O

In what follows we will set
Pla@)=a’—Ta> +a2—G?>—T(G1 —Gy)]— G*T+G,—Gy.  (3.75)
By simple computation we have
P(-G)=—-G>—TG*-G[2—G*—T(G| — G2)]| — G*T + G| — Gy (3.76)
= —2G(1+GT) + (G| — Gp)(1 + GT) = —2G»(1 + GT) <0,
and also
P(G)=G*—TG*+G[2—-G* —T (G, — G- G’T + G — G

=2G (1 = GT). 377)

3.4.1 The case of two disks of same size (T = 0). In this case we have r| = r, and
thus, see (3.52), T = 0. The polynomial P above becomes

P@)=a+a2—-G»+ G, — Ga. (3.78)

3.4.1.1. The case of two identical disks (G1 = G2). This case was studied in [3] by
a Lagrange multiplyer method. Here our approach is different. We have

Theorem 3.2. If G < /2 then the two disks have a unique equilibrium position (up
to exchanging each other) for « = 0 — see Figure 21. If G > V2 then the two disks

G=<V2

Figure 21. The two disks at the same level
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have two equilibrium positions which are symmetric (see Figure 22). If we exchange
each other this leads to four possible equilibria.

Figure 22. The two disks tilted

Proof. We have by (3.78)
P(a) = afe® +2 — G?]. (3.79)

If G2 < 2 then = 0 is the only root of P on [—G, G]. Thus since e is decreasing on
(=G, 0) increasing on (0, G), @ = 0 is the only minimum of ¢ on (—G, G) and we
are in the case of Figure 21. If now G? > 2 then it holds that

P(@) =a(@ —vVG? —=2)(a+ VG —2). (3.80)

¢ has then two local minima at ++/G?2 — 2 which are also global minima for obvious
symmetry reasons. We are in the case of Figure 22. This completes the proof. O

Remark 3.5. The breaking of the symmetry of Figure 21 is somehow a priori unex-
pected. However, when the weight of the disks is getting higher, — due to the tension
of the wire — the equilibrium becomes unstable and the tilting of Figure 22 occurs.

3.4.1.2. The case of different disks in weight (G; # G3). In this case we can show

Theorem 3.3. Assume that G| # G;. Up to a symmetry the equilibrium position of
the two disks is unique.

Proof. By (3.78) we have
P(@) =3a®>+2 - G>. (3.81)

In the case where G2 < 2 then P’(a) > 0 and P is increasing on (—G, G). Since
P(—G) <0, P(G) > 0-see (3.76), (3.77) — P admits a unique 0 on (—G, G) which
is the unique minimum of ¢ on (—G, G). This completes the proof in this case. In the
case where G2 > 2 then it holds that

G2 -2 G2 -2
P)=3lad - ——— — . 3.82
@ (a V3 )(a NG ) G5
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Let us set
ar = +VG2 —2//3. (3.83)

It is clear that P is increasing on (—G, a—), decreasing on («—, o), increasing on
(¢4, G). Thus if

Pla-)<0 or P(ay)=>0 (3.84)

then P changes its sign only once and ¢ has a unique minimum on (—G, G) — recall
that P(—G) < 0, P(G) > 0. This completes the proof in this case. If now

P(x_)>0 and P(xy) <0 (3.85)

then P admits three zeros on (—G, G) and ¢ admits two local minima on (—G, G).
However, only one is a global minimum. This is due to the fact that the light disk will
always sit above the more heavy one. Let us denote by o1, a2, @] < 0— < a4 < a2
the two points of (—G, G) where ¢ achieves its local minimum. Suppose that

Gy < Gy. (3.86)

Then, e cannot achieve a global minimum in oy where the second disk is in a position
lower than the first one. Indeed suppose that

- 1
e1 = é(ap) = —/ u? — Grhy — Gahy.
2 Ja
Exchanging the two disks will produce a configuration with an energy

1
e2=—/u§—G2h1—G1h2
2 Jq

so that
er—ep = (h1 —hy))(G1 —G2) <0 (hy < hy) (3.87)

recall that & is directed downward. Thus, by (3.87), the energy e is smaller than
e1 which renders impossible to have a minimum at «p. Of course when G2 > G
one would prove the same way that ¢ cannot have an absolute minimum in ¢;. This
completes the proof of the theorem. O

Remark 3.6. One has — see (3.78):

» N (GZ _ 2)3/2 (GZ _ 2)3/2 G G
(at) = : 35 7 }+ 1— G2
(3.88)
— i:_%w} +G -G
= 3 1 2.
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Thus (3.85) holds if we have

G2 —2\3? G2 _2\3/?
—2( ) <G1—G2<2( 3 )

3
G? —2\*?
= |G1— G| < 2( 3 )

which can of course occur.

(3.89)

For the case of different disks in size and weight we refer the reader to [11].

3.5 Further problems

In this last section we would like to mention briefly several other issues which have yet
to be investigated. To consider the case of two ellipses free to roll on an elastic wire
would be probably a nightmare to study and we do not insist on this topic. A natural
continuation of the problem of two disks would be the problem of » identical disks —
(see [1] for very partial results). Then — in the case of three disks for instance — a new
situation can occur: one disk can sit atop of the two others and a special investigation
of the energy has to be made in this case (see Figure 23). Of course with more disks

Figure 23. A new situation in the case of three disks

the possible packing of the disks together can become more involved! We let this to
the curiosity of the reader.

4 The case of a single ball on an elastic membrane

In this section €2 is a bounded domain of R? with a smooth boundary I'. As we
mentioned in our introduction I" is a horizontal frame on which an elastic membrane
is spanned, 2 is the undeformed position of the membrane. Letting roll freely on
this membrane a heavy ball of weight G and radius r we are interested in finding the
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X2

2

/

X1

Figure 24. The equilibrium position of a ball on a membrane

equilibrium position reached by the ball. As before in the case of a disk on a wire, the
position of the ball is completely determined by the position of its center

C =g h)= (51,8, h), 4.1

(recall that the vertical axis is oriented downward). The function describing the bottom
part of the ball is now given by — see Figure 4 —

Y=yl =h+Vr2—x =P xeB@ ), 4.2)
where B(¢, r) denotes the open ball in R? of center ¢ and radius r — i.e.
B¢, r)={xeR*||x—¢| <r). (4.3)
| - | is the euclidean norm in R? defined by
ol =z} +23)"? Vi= (a2 € R (4.4)

For a position (¢, i) of the center of the ball an admissible deformation is an element
u of K = K (¢, h) defined by

K=K, h)={ve HOI(Q) | v(x) > 1//Ch(x) ae . x € B(¢,r)}. 4.5)

It is easy to check that K (¢, h) is a closed convex set of HO1 (2). In order to avoid the
ball to be in contact to the frame I" we will consider only positions of the center such
that

dist(¢,T) > r 4.6)
where

dist(¢, T) = Inf | — <. A.7)

If we define
Q ={¢eQ|dist(¢, ") > r} 4.8)



44 Michel Chipot

we will choose
(¢, h) e xR (4.9)

and for such a point the energy of an admissible deformation u is given by
1
E(u; ¢, h) = E/ |Vu(x)|>dx — Gh. (4.10)
Q

(Vu denotes the usual gradient i.e. the vector of components aa—;‘l, 837“2). Then to look

for an equilibrium position of the ball reduces to look for an element (ug, o, hg) such
that

{@0, ho) € @ x R, ug € K (40, ho), @.11)

E(uo; S0, ho) = Eu; &, h) Y (&, h) € @ xR, VueK(, h).
As observed in previous situations, if such a point uo does exist then it holds that

E(uo; ¢o, ho) < E(u; S0, ho) Yu € K(&o, ho)

that is to say ug satisfies ug € K (o, ho) and

IA

1 1
—f |Vuo|> dx — Gho —f IVul>dx — Gho Yu € K(&, ho),
2 Ja 2 Ja

IA

1 1
— —/ |Vuo|? dx —f IVul>dx Yu € K(%, ho).
2 Ja 2 Ja

(4.12)

It is well known that HO1 (€2) is a Hilbert space when equipped with the norm

1/2
[IVul|, = {fg|vu|2dx} . (4.13)

Thus, by (4.12), ug is the projection of 0 on the closed convex set K ({o, ko) and also
the solution of the variational inequality (see Proposition 2.1)
uo € K (o, ho),

/ Viug - V(v —ug)dx >0 Vv e K(, ho). .19
Q

(We denote with a dot the scalar product.) Thus, for (¢, &) € €2, x R we can introduce
u = u(¢, h) the solution to

uekK(e,h),

/ Vu-Vw—u)dx >0 YveK(,h). “.15)
Q
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(Such a solution exists and is unique — see Proposition 2.1.) For u = u(¢, h) we can
then define e by

e(C, h) = %/QWulzdx—Gh. (4.16)

Due to (4.12) it is clear that if (ug, o, ho) is @ minimizer to (4.11) then (o, hg) is a
minimizer of e on 2, x R. Conversely if (£, hg) is a minimizer of e on 2, x R,
then for ug solution to (4.14), (ug, &o, ho) is a minimizer to (4.11). Thus, we are now
reduced to find a point (o, ko) such that

l(;o, ho) € Q2 x R,

4.17)
e(%o, ho) <e(g,h) V(¢ h)eQ xR,

i.e. we are reduced to minimize e on 2, x R. It should be noticed that this later set is
not compact, thus the problem requires some work in order to be solved.

Remark 4.1. In this note we will restrict ourselves to the Dirichlet integral. One
could consider also an energy of the type

E(u;{,h):%/Q\/l—l—Wu(x)lzdx—Gh (4.18)

which corresponds to a membrane of a soap film type. Of course in this case in order
for the membrane not to brake we have to impose some limit to 4. We refer the reader
to [4] for details.

4.1 Some remarks on the obstacle problem

In this section we would like to study more deeply the problem (4.15). This is a
problem of obstacle type — i.e. the solution is forced to stay above an “obstacle” (see
[5], [7], [8], [18]). However, this obstacle problem is not a classical one due to the
fact that ¢ = ¥¢" — the so called obstacle — is not defined on the whole domain €2 and
moreover its gradient does not remain bounded. So, it requires some analysis. First
we would like to show that the solution u of (4.15) is such that

ue w>>(Q). (4.19)

(We refer the reader to [13], [17], [18] for notation and results on Sobolev spaces.)
For that, let us first prove:

Lemma 4.1 (Monotonicity of the solution with respect to the domain). Let Q* C Q
be an open subset of 2 containing B(Z, r). Let u™ be the solution to

u* € K* = K*(¢, h) = {v e HJ (") | u(x) > " (x) a.e.x € B({, 1)},
/ Vu* - Vo—u®)dx >0 VYveK*
(4.20)
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Let u be the solution to (4.15). Then if u* is supposed to be extended by 0 on Q \ Q*
it holds that

u*(x) <u(x) aexc. 4.21)

Proof. If (-)T denotes the positive part of a function we want to show that
w* —u)t =0. (4.22)

For that, we remark first that u and ™ are nonnegative. Let us show it for u, the proof
for u™ being similar. We remark that

v=ut e K(, h) (4.23)
and thus by (4.15) it holds that
/ Vu -Vt —u)dx > 0. (4.24)
Q
If u= = (—u)™ denotes the negative part of u we have u = u™ — u™ and (4.24) leads
to
0< / Vu-Vu dx = —/ Vu~ -Vu dx, (4.25)
Q Q
(see [9]). It follows that u~ = O i.e. u > 0 a.e. in 2. This is what we wanted to prove
first. Next, we notice that
v=u*— (u* —u)* e Hy (2%). (4.26)

(This is due to the fact that u > 0 on the boundary of ©2*.) Now
v=u*oru,

it is clear that v € K*(¢, h) and from (4.20) we derive
/ Vu* - Vu* —u)tdx <0. (4.27)
Q

Now since
v=u+ W —u)" =uoru*

also, this is a suitable test function for (4.15) and we obtain
/Q —Vu -Vu* —u)tdx <0. (4.28)
Summing up (4.27) and (4.28) it comes
/QV(M* — W)V —u)Tdx = /Q IVw* —w)t)?dx <0 (4.29)

which implies (4.22) and completes the proof of the lemma. 0
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Let us denote by A the set
A={xeB@Er) lux)=y"x} (4.30)

A is the coincidence set of the obstacle problem (4.15). For the time being this is a
measurable subset of B(¢,r). We are going to show that this is a closed subset of
B(¢, r). For that, let us denote by R the distance from ¢ to I the boundary of 2 —i.e.

R =dist(¢, ') = }Erellﬁ £ — vyl (4.31)
Clearly for ¢ € €2, it holds that
R>r. (4.32)
Let us set
Q* = B(¢, R). (4.33)

Then we have:

Lemma 4.2. Suppose that ¢ € 2, h > —r. There is a unique s € (0, r) such that

1
f(s)=ln%+s—2{h r2—s24rr—s*} =0. (4.34)
Moreover, if Q* is given by (4.33) the solution to (4.20) is given by
¥t (x) fo=Ilx—¢l=s,
')y =1 -—s° 4.35
© % fo=lx—2¢l=s. (3
//2_s2 R

In particular u* is radially symmetric,
u* € Whe(QY) (4.36)
and the coincidence set is given by
A ={x e Q" |u* @) =y ()} =B, (4.37)

where B(C, s) denotes the closed ball of center ¢ and radius s.

Proof. If f is defined by (4.34) —i.e. if we set

e 2.2 2
f(g)_lnE—{—?{h r2—Q +r°— 07}, (4.38)
we have
1 1 —ho 2 s o
f/(Q)=—+—{——2Q}——{h\/r2—92+r -0’}
o o* /2 -2 0’ 439

Q_

2 2
2r h 2h N 5
= — — —4/r*—0° <0 forpe (0,r).
o’ o/r2—o02 0@
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This shows that f is decreasing. Moreover since
r
lim f(o) =400, f(r)=Ih— <0
0—0 R

it is clear that there exists a unique s € (0, r) such that (4.34) holds. Now (4.34) can
also be written
2
2 _ o2 _ S s

h++Vrs—s== e lnR (4.40)
which shows that u* given by (4.35) and ¥¢" coincide for o = s. Moreover, since u*
and v are radially symmetric we have with obvious notation

A P (.41)

—(s5) = = —(5). .

deo Vrz—s2  do
Thus the function u* defined by (4.35) is a radially symmetric C!-function and thus
belongs clearly to W2 (22*). Next, due to (4.39), (4.40) it holds that

—0? —s?
-t < =L m(8) < (%) voew.n, @4

rz — o2 re—s
(the function g +— 22 E is clearly increasing) and thus (4.37) holds. To see that u*
r’—e
given by (4.35) is solution to (4.20) one remarks first that (4.42) implies that

u* € K*(C, h). (4.43)

Next we remark that #* is harmonic outside B(¢, s). Indeed outside this ball we have
if we use the Laplace operator in polar coordinates

At d*u* N 1 du* —s? 1 N 1 0 (4.44)
W=——s+-——=—7-—~1——>+—=5¢=0. .
de* ¢ do 252 o* o?
Thus we have, if we denote simply B(¢, s) by B
/ Vu* -V —u")dx = / VA —u®Vu*}dx
N N (4.45)

a *
=—/ (v —u®) " do(x) YveK*
9B on

(aaL—j: denotes the derivative in the direction of the outward unit normal n to 9B the
boundary of B, do is the surface area on d B —recall that v, u* vanish on the boundary
of Q* and u* is a C'-function). Similarly on B we have

/ Vu* - Vv —u®)dx = / VAW —u®)Vu*} — (v —u*)Au* dx
B 5 (4.46)

_ / -5 o) — / (v — ¥)AY dx.
9B on B
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Summing up (4.45) and (4.46) leads to

/ Vu* Vv —u®)dx = — / (v —Y)Aydx. (4.47)
* B
Now arguing like in (4.44) we have
d? 1d
ap =2V L4 (4.48)
de* o do
with
dy - d*y (-0 (-0
- = °_. 2={— r2— g2 — 2 [(r? —0%).  (4.49)
o P2 — QZ dQ r2 — QZ
Thus
42 2 2y 2 2
v_—tr-e)-e 7 . (4.50)
do? (r2 — 02)3/2 (r2 — 02)3/2
Combining this with (4.48) we get
Ay =" L _ -2 451
V= (r2 — 0232 VZ—QZ_ (r2 — o232 = @31)
Since for v € K*(¢, h) we have
v—¢% =0 onB(,r),
we deduce from (4.47), (4.51)
/ Vu* -V —u*)dx >0 YveK*&, h)
and thus u* is solution to (4.20). This completes the proof of the lemma. 0

Let ¢ be a point of 2. Let u™ be the function defined by (4.35) that we suppose
to be extended by the bottom formula of (4.35) outside of B(¢, R). Then, clearly, as
seen in the preceding lemma we have

u* € WH(Q). (4.52)
Moreover:

Lemma 4.3. Let { € Q,, h > —r. Let u be the unique solution to (4.15) then u is
also the unique solution to the variational inequality

ue€ Ky ={veHH(Q) | v(x) > u*(x) a.e. x € Q},

(4.53)
Vu-Vv—u)dx >0 Vve K.
Q

Proof. 1t is clear that K,+ is a closed convex set of HO1 (2), so the existence and
uniqueness of a solution to (4.53) follows the arguments that we developed before.
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Let us, for the time being, denote by u’ the solution to (4.53). Since — see (4.43) —
u* € K*(¢, h) we have clearly u’ € K (¢, h) so that by (4.15)

/ Vu -V —u)dx > 0. (4.54)
Q

Next, due to Lemmas 4.1 and 4.2 we have
u>u*, e, u¢€ K,

and by (4.53) we derive
/ Vu' -V —u)dx > 0. (4.55)
Q
Summing now (4.54) and (4.55) we get
/ IV —u')>dx <0
Q
i.e. u = u’. This completes the proof of the lemma. O

Then we are now able to prove

Proposition 4.1. Let ¢ € Q,, h > —r. Let u be the solution to (4.15) then it holds

u e Wr(Q). (4.56)
The coincidence set
A={xeBE ) ux)=y"0) (4.57)
is a closed subset of B(¢, r) such that for some ¢ > 0
A C B(,r—e). (4.58)
Moreover, it holds that
—Au>0 inQ, (4.59)
—Au=0 inQ\A (4.60)

((4.59) means that Au is a nonpositive measure in 2, (4.60) means that u is harmonic
outside the coincidence set).

Proof. By Lemma 4.3 u is solution to (4.53) with u* € W2°(Q). It follows by well
known results of regularity — see [5], [7], [8], [19] — that (4.56) holds. Moreover, see
(4.42), we have

A C B(,s) (4.61)

which is (4.58). The fact that A is closed follows from the fact that both ©# and i are
continuous. Now let us consider

pe D), ¢=>0, (4.62)
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where D (€2) denotes the space of infinitely differentiable functions with compact
support in €2. Itis clear that v = u 4+ ¢ € K (¢, k) and v is a suitable test function for
(4.15). Thus we have

Vu-Vodx >0 Ve e D), ¢ >0
/Q var= v €. ¢ (4.63)

— (—Au,p) >0 Ve D), >0,

(-, -) denotes the duality bracket between D’(2) and D (£2), see [9]. This is (4.59).
From this and (4.44) we deduce

—Aw—u*)=—-Au>0 inQ\B(,s), (4.64)
u—u*>0 inQ\ B(,s). (4.65)

Thus, by the strong maximum principle — see [17] — we deduce that

u>u* inQ\ B(,s). (4.66)
Since on B(¢, s) we have
ut =, (4.67)
it follows that
A={xeBx,r)lux)=yx))={xeQ|ux)=u*x)) (4.68)

Let then ¢ be a function such that
p e DQ\A). (4.69)
The set
Q\A={xeQ|ukx) >u*x)} 4.70)

is of course an open subset. Since ¢ has compact support for ¢ small enough it holds
that

utep>u* inQ. 4.71)

Thus, v = u =+ e¢ are both test functions for (4.53) and we obtain
:I:s/ Vu-Vodx >0 Ve DEQ\A), 4.72)
Q
i.e.,

—Au=0 inQ\A (4.73)

in the distributional sense or almost everywhere by (4.56). This completes the proof
of the proposition. (]
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4.2 Existence of an equilibrium

As seen previously the minimization problem (4.11) reduces to (4.17) — i.e. to the
minimization of the function e(¢, k) defined by (4.16). This is what we would like
to address now. Note that the preceding section provides us with some information
about the function u# used in the definition of e. First we would like to show that the
function e is continuous on €2, x R. This will be a direct consequence of the following
lemma:

Lemma 4.4. Let (¢, hy) € Q2 X R be a sequence of points such that
(Gn» hn) — (&, h) € Q xR 4.74)
Ifu, = u(&y, hy), u = u(¢, h) denote the solutions to (4.15) we have
up — uin Hy (Q). (4.75)

Proof. Step 1: We claim that there exists ng such that
() K ha) VK&, h) # 0 (4.76)
n=ngo

i.e. there exists a function v belonging to all the K (¢, h,), n > ng and to K(¢, h).
For that set

5= %{dist((, r)—r} (4.77)
Then, for n > ng we have
&n — &1 <8 (4.78)
and thus
B(¢,,r) C B¢, r+98) Vn=no. (4.79)
Since

wgnhn (x) — hn + Jr2 — |x — §n|2 < hn +r (480)
and since /, is bounded — since converging — there exists a constant H > 0 such that
w(;zhn xX)<h,+r<H VxeB(,r), Yn=>ny. (4.81)

Then, one can clearly find a smooth function v such that

_JH onB(,r+9),

] (4.82)
0 outside B(¢, r + 26),

this function v belongs then to the set defined by (4.76) (we see that v € K (¢, h) by
passing to the limit in (4.81)).
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Step 2: Uniform bound for u,. Using (4.15) for v given by (4.82), we obtain

/Vun-V(v—un)deO Yn > ng
= (4.83)
2
— ||Vun||2=/ |Vu,,|2dx§/ Vi - Vodx < |[Vuul|,||Vvl],
Q Q

where | - |2 denotes the L, (£2)-norm, | - | the euclidean norm of the gradient. It follows
that it holds that

[IVunl|, < [IVVl], ¥n=>no (4.84)

and thus u, is bounded independently of n. Thus there exists a subsequence of n —
still denoted by n such that for some uy, € Ho1 (€2) it holds that

Uy — Uoo in HY (), Uy = oo in L2(RQ), Uy — oo ae.inQ,  (4.85)
(recall that HO1 (£2) is compactly imbedded in L%(Q)).

Step 3: We have us, = u. If we can show that u,, = u then by uniqueness of this
weak limit the whole sequence u, will be converging toward u in HO1 (2) weak. First,
since u, € K (¢, hy), there exists a subset U, of measure 0 such that

up(x) > ¥ (x) ae. x € By, r)\ Uy (4.86)
Moreover there is a set V of measure 0 in €2 such that
Up(x) > Upo(x) nQ\ V. (4.87)
Set
U=u,U,)uV. (4.88)

Then U is a set of measure 0. Let x € B({,r) \ U. For n large enough we have
x € B(¢,, r) VY n and thus it holds that

U (X) > YoM () = hy + V2 — |x — 4,2 (4.89)
Letting n — +o0 and using (4.87) we obtain
Uoo(x) = Y (x) (4.90)
ie us € K(C,h).

Next, we consider u € K (¢, k) the solution to (4.15). We set for n large enough

uyylntn on B(gr — %),

4.91)
u outside B<§, r— %),

wy =
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where ¢ is the real defined in (4.58) and Vv denotes the maximum of two functions.
We claim that for n large enough

wy € Ky hn), (4.92)
wy, — u  in HY (). (4.93)

Indeed, for n large enough it holds that
e &
B(;, r— E) < B(&.r -~ 5) C B(&u. 1) (4.94)
so that the definition (4.91) makes sense. Moreover, since u and ¥ = ¥ are

continuous, for some § > 0 it holds that

U=y >85>0 onQ\B(g‘,r—é—g). (4.95)

Now it is clear that on B(¢, r — 23—8), Y éhn converges uniformly toward ¥¢" and thus
for n large enough it holds that

u— ol >0 onQ\ B(;, r— 23—8) (4.96)

Denote then by o a smooth function such that

2
a=1 on B(;, r— ?8) «=0 outside B(;, r— %) (4.97)

It is clear that it holds that
Wy = a(uy o™y + (1 = a)u. (4.98)

Recall that the maximum of two functions of H'! belongs to H I (see [9]). Then from
(4.94) we have that it holds that

ot H1(3<;, r— %)) (4.99)

and thus w, € HO1 (£2). Moreover, combining (4.96) and the definition of w,, we have
wy € K (&, hy). (4.100)

It is easy to see that — see also (4.94) —

Ylnln gt i Hl(B(;, r— %)) (4.101)
and thus (see [9])
wy ot sy in H‘(B(;, r— %)) (4.102)
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It follows from (4.98) that (4.93) holds. Thus from (4.15) we derive

/ Vu, - V(w, —u,)dx >0

@ (4.103)

— / Vu, - Vw, dx > / |Vbtn|2 dx.
Q Q

Since u;, = U in HOl (R2), taking the lim inf of both sides of the inequality we obtain

/Vuoo~Vudx z/ |Viool?® dx (4.104)
Q Q

(recall that the norm in a Hilbert space is lower semi continuous for the weak topology).
That is to say we have

/Q Voo - V(U — o) dx > 0. (4.105)
From (4.15) and (4.90) we also have

/Q Vu- V(s —u)dx > 0. (4.106)
Thus, summing up (4.105), (4.106) it comes

f IV — uco)*dx <0, (4.107)
Q
1.e., Uoo = U.
Step 4: End of the proof. We have shown that
up —u in Hy (). (4.108)

To obtain the strong convergence, we go back to (4.103). Taking the lim sup we obtain

limsup/ |Vun|2dx 5/ |Vu|2dx.
Q Q

n—-+o0o

Since — due to the lower semicontinuity of the norm for the weak topology

liminf/ |Vu,,|2dxz/ |Vul|* dx
Q Q

n—+o0o

we have

lim /qun|2dx=/ |Vul|? dx
n——+o0o Q Q

and the strong convergence of u, towards u follows. This completes the proof of the
lemma. O
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Then we can show:

Theorem 4.1. The function e = e(¢, h) defined by (4.16) is continuous on 2, x R.
Proof. Let (¢, hy) € Q2 x R be a sequence of points such that (4.74) holds. Due to
Lemma 4.4 we have

tn = (G, hy) = u=u(¢, h) in Hy(Q).
Thus, it holds

1 1
e(Cn,hn) = = | |Vup|>dx — Ghy, — e(¢,h) = = | |Vul|*dx — Gh.
2 Q 2 Q

This completes the proof of the theorem. O
In addition to the continuity of e = e(¢, h) we can show:

Proposition 4.2. Let e be the function defined by (4.16). Let v be a unit vector of R>.
Then, for any (¢, h) € @, x R the function e is differentiable in the direction v and
we have

9¢ ¢ hy = lim S&FAM —e@ B _ —/ W ioav@yde  (4.109)
v A—0 A OV

A
where A denotes the coincidence set defined by (4.30).

Proof. We give here a formal proof. Rigorous arguments can be found in [4]. Suppose
that we can differentiate under the integral in (4.16), then we have:

%(C,h) =/ Vu - V<a—u)dx. (4.110)
av Q av

For any (¢, h) € 2, x R it holds that
u,h)(x) =u(x) =0 ondf.
Thus, for any v and A small enough such that (¢ + Ak, h) € 2, x R we have

u(@ +rv, h) —u(, h)
- —

0 ondf.

Letting . — 0 we obtain

u
— =0 ondQ. 4.111)
av

Integrating by parts in (4.110) we get

de ou
—(&,h)=— | Au—d
81)(; ) /Q ”au *



Elastic deformations of membranes and wires 57

when of course all the above makes sense. Applying now (4.60) it comes
d d
em=-[avia
av A av
which completes the proof of the proposition. O

Proposition 4.2 will allow us to transform the minimization problem (4.17) to a
minimization problem on a compact subset of €2, x R. In addition we will need

Proposition 4.3. It holds that

lim e(¢, h) = +o00 (4.112)
|h]—+00

uniformly in ¢ € ;.
Proof. (a) When h < —r it holds that
e(¢,h) =—-Gh 4.113)

and the result is clear.
(b) When i — 400, from the Poincaré inequality we derive for some constant C
independent of (¢, &)

e(C, h) > c/ lux)|>dx — Gh > c/ lu(x)|> dx — Gh. (4.114)
Q B(.r)

Since u € K (¢, h) we have for h > 0:
u(x) =y (x) = h on B, r)
and (4.114) becomes
e(¢, h) > Crr*h* — Gh. (4.115)

Then letting & — 400 the result follows. This completes the proof of the proposition.
O

In order to reduce the minimization of e to a minimization on a compact subset of
2, x R we have to show that the ball is pushed away from the boundary of €2 when
trying to minimize its energy. Considering a direction S passing through the center
of the ball it is clear with the notation of Figure 25 that if the part of the membrane
below § is smaller compared to the part above, the membrane will be stiff there and
thus should push the ball away. This is what we would like to express mathematically
in the lemma below.

Lemma 4.5. Let { € Q, and v be a unit vector. Denote by R the reflection in the axis
S going through ¢ and orthogonal to v (see Figure 25). Assume that h > —r and set
Q={xeQ|x—-¢)-v<0},

(4.116)
Q={xeQ| (-0 v>0),
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Figure 25. The membrane is pushing the ball inside

A_=ANQ_,

A= ANQ,. (4.117)
(In (4.116) we denoted by a dot the usual scalar product in R2) If
R(Q2_) C Q4 (4.118)
then it holds that
Ay TR(AD) (4.119)
and moreover
g—i(;, h) <O0. (4.120)
Proof. On R(L2_), if u is the solution to (4.15), we define Ru by
Ru(x) = u(Rx). (4.121)
Consider now the open subset
E=R(Q_)\ R(AL). (4.122)

Its boundary is divided in three parts that we denote by S, y, o — see Figure 25. We
know — see (4.60) — that it holds that

—Au=0 inQ_\A_ (4.123)
and
—Au >0 1inQ. (4.124)

Since h > —r, we cannot have u = 0 and thus since u > 0 (see (4.25)), by the strong
maximum principle, it holds that

u>0 inS. (4.125)
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Since the Laplace operator is invariant by reflection we have
—A(Ru—u) = —ARu+Au = —Au(Rx)+Au(x) = Au(x) <0 in E, (4.126)
by (4.122)—(4.124). Moreover on the boundary of E it holds that

0—ulkx) <0 on o,
(Ru —u)(x) =u(Rx) —u(x)=qv(x) —ukx) <0 ony, 4.127)
u(x) —u(x)=0 onsS,

(recall that ¥ (Rx) = v (x)). Thus, by the strong maximum principle, it holds that
Ru—u<0 inkE. (4.128)
Let us show now that (4.119) holds. For that let us consider
x e AL,
We have
ux) =9x) = u(Rx)zy(Rx)=9%x) =ulx) = Ru—ux)=0.
By (4.128) this implies that x ¢ E. Thus x € R(A_) and we have
Ay C R(AD). (4.129)
If we had
Ay =R(AD)
then we would have
Ru—u=0 ony
and also
VRu=VRYy =Vy=Vu onl

(recall that u is C'). But this contradicts the Hopf maximum principle, and thus
(4.119) holds. We now turn to (4.120). Using (4.109) we have

%(g,h)z—/ %Awdx—/ %Al//dx
Jdv Ag v A_ v

=—/ %Awdx—/ %Awdx—/ %Awdx
Ay OV R(Ay) OV A_\R(Ay) OV
(4.130)
((4.129) implies R(A4) C A_).
By (4.2) we have
oy - v (xx=0
E(x) =v- V¥ (x) = —rz—lx—§|2 (4.131)
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(recall that we are differentiating in ¢). In particular

oy v-Rx—8) _ v-Ra-¢) _ ¥
—(Rx) = = =——). 4.132
N o ey T A ey A T e

Thus making the change of variable x — Rx in the second integral we have

/ %(x)Aw(x)dx =/ %(Rx)Aw(Rx)dx = —/ %(X)Alp(x)dx
R Ay v Ay av

(Ay) OV
(recall that Ay (Rx) = Ay (x) —see (4.51)). Thus from (4.130) we derive

%(i,h) = —/ W, Ay dx. (4.133)
v A_\R(Ay) OV

By (4.131), (4.51) we have

9
a—w(x) <0, Ay <O0inA_
V

and (4.120) follows from (4.133). This completes the proof of the lemma. O

We can now prove the following existence result.
Theorem 4.2. Let us assume that we can find € such that

Vr' e (r,r +¢), Y such that dist(¢, T') = r’ there

. L (4.134)
exists v such that the situation of Lemma 4.5 holds.

Then there exists a point minimizing e on 2, x R and thus a solution to the problems
(4.11), (4.17).

Proof. For h < —r we have e(¢, h) = —Gh and thus
de
—(,h) =0.
(&M
By Proposition 4.3 to minimize e on 2, X R it is enough to minimize e on
Q, x [—r, h™*]

for some positive #*. Now due to (4.134) we have for 4 > —r
0
(g.h) <0
av

for any ¢ € Q, such that dist(¢, I') < r + ¢. Clearly at such a point e cannot achieve
a minimum. Thus, to minimize e on 2, x R, we are reduced to minimize e on

{ceQ|dist(¢,T)>r+e} x[—r h*]

i.e. on a compact set and the existence of a point realizing the minimum is due to the
continuity of e established in Theorem 4.1. This completes the proof of the theorem.
O
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Remark 4.2. There are many situations where (4.134) holds. For instance this is the
case when 2 is convex, smooth and r small enough. Some non-convex situations
could also be handled for instance it is clear that (4.134) holds for » small enough in
the case of Figure 26.

Figure 26. A non-convex case where existence holds

Remark 4.3. The property (4.120) could be used to locate the position of the equilib-
rium. Indeed consider for instance the convex domain described in the figure below.
Then for any v orthogonal to the axis of symmetry and as in Figure 27 we have:

de
a({, h) < 0.

Thus the minimum of the energy is necessarily achieved on X the axis of symmetry

Figure 27. A convex case

of Q. In the case of an ellipse or a disk this shows that the minimum of the energy is
necessarily achieved at the center of the ellipse or the disk.

In the case of a circular membrane we can show

Theorem 4.3. Suppose that Q = B(0, R) the open ball of center 0 and radius R. Set
g = G/2m. Then the minimum of e is achieved at the single point

r =0, h=—gln%— 2 g2 (4.135)
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where s is given by

s? = (=g + /4822 + g*}/2. (4.136)

Moreover u = u(¢, h) is given by (4.35).

Proof It follows from Remark 4.3 that { = 0. Next we can compute for 4 >
r, a i (¢, h) proceeding as we did for establishing (4.109). Indeed, differentiating
formally under the integral symbol we have

de ou
—(, h) = Vu -V—dx -G
on &M /Q VRt

(this can be justified, see [4]). Since — compare to (4.111)
ou
=0 onT,
ah

integrating by parts we get

de du oy

— ¢, h)=—| Au—dx—-G=—-| A —d—
arc) = - [ augds IS

ou
=/A1//dx—G=—/Audx—G:—/—da(x)—
A Q r on

where 2 o L denotes the outside normal derivative to I', do (x) the superficial measure
on I". Now, clearly for any 4 the solution u = u(0, k) is given by (4.34), (4.35) where
we have set { = 0. To determine # we remark that the minimum of e can be achieved
only when (4.137) vanishes — that is to say when

(4.137)

—27Ru'(R)=G <<= —Ru'(R)=g. (4.138)
Using (4.35) we derive that
P=gVri—s? = st+git - gt =0 (4.139)
which clearly implies (4.136). To get (4.135) we remark that by (4.138)
w= —gln% ifo>s. (4.140)
For o = s we obtain — since u = ¢/
—gln % =h+ m
which completes the proof of the theorem. O

Remark 4.4. Note that s is independent of R and that it holds that

lim h = 4o0. (4.141)
R—+o00
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Remark 4.5. One can compute the value of the energy at the minimum. Indeed we
have

1 1 1
e({,h):E/Q|Vu|2dx—Gh:E/Q—Auudx—Gh:—E/AAwwdx—Gh.

Since ¥ is given by (4.2) it comes using polar coordinates

1
e(Z, h) = /Aw{h+ 2 _ 0%V dx — Gh
I/AhGh I/Q_zrdde
=—— | Au-h—Gh—~ odo
2 Ja 2y r2 =07

(recall (4.51)). Using the Green formula again we derive — see (4.137)

h au —2r2
e({,h):—zi/;%da(x)—Gh—n/(; 32—2ng

0
Gh —2
____/ S—Zr
(4.142)
Gh m r?
T2 2 ), { l_rz—f}dé
Gh
=—7—%{—§+rln(r — ol
— _%h ¥ %{s2 — 2 In(1 — 52/r2).

It is clear from this formula and Remark 4.4 that

lim e(¢, h) = —o0. (4.143)
R—+o0

4.3 Uniqueness issue

In this section we would like to show that the minimum of e in €2, X R is not necessarily
unique. For that we consider the domain

Q={(—5,9 x(=1,D}UB(—S,R)UB(S, R) (4.144)
where § is given by
S=R+1 (4.145)

(see Figure 28). Then we can show
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1 S

Figure 28. A domain where uniqueness fails

Theorem 4.4. Let Q2 be the domain defined by (4.144). Then, for
r <1, R large enough, (4.146)

the minimization problem admits at least two solutions.

Proof. Suppose that (4.17) admits a unique solution. By Remark 4.3 the minimum of
the energy is achieved on the axis {» = 0. For symmetry reasons we have

e(—=£1,0,h) = e(81,0, h)
and if the minimum is unique we have necessarily
&1 =0.
Let us denote by (#r, 0, hr) the unique solution to (4.11). If Q2 is the square
Q=(-11>

then there exists a solution (1, 0, i) to the corresponding problem (4.11). If we
extend u g by O outside Q, then u o is an admissible deformation for (4.11) associated
to 2 given by (4.144). Thus we have

1

E(ug;0,hg) = E/Q \Vugl?dx — Ghg > E(ug; 0, hg)

: X . X (4.147)

= — | |VuglPdx — Ghg > = [ |Vug|*dx — Ghp.
2 Ja 2 Jo

Since ug = 0 on (—1, 1) x {—1, 1}, by the Poincaré inequality we have for some
constant ¢ independent of R

2

C
E(ug;0,hg) > 5/ updx — Ghg
0 (4.148)
c 2 T 2,2
> — hodx — Ghg = —cr°h% — Ghg,
R 2 R
B(O,r)
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if hg > 0 (we know by the existence part that hg > —r). Thus from (4.148) we
deduce that 4 is bounded independently of R. But then it follows that

E(ug;0,hg) > —Ghgp > —M

independently of R. If now we consider the deformation up corresponding to the
minimization problem (4.11) for 2 = B(S, R + 1) and if we extend this deformation
by O outside of B = B(S, R + 1), up becomes an admissible deformation for the
problem corresponding to €2 defined by (4.144) and we have

1
—/ |Vugl?dx — Ghg > —-M
2/

(hp denotes the altitude of the equilibrium for Q2 = B). But since M is independent
of R, by (4.143), we get a contradiction. Thus the equilibrium position of the ball
cannot be unique for R large. This completes the proof of the theorem. O

4.4 Some open questions

It would be of course very interesting to remove the assumption (4.134) in the existence
result. One could consider also a nonhomogeneous ball — compare to (2.11).

Regarding uniqueness some interesting issues have yet to be addressed. In the case
where €2 is convex, we do not know if e admits at most one minimizer. For example
the problem of uniqueness in the case of Figure 27 is open. Some interesting issues
of non uniqueness remain also. We do not know if nonuniqueness holds in the case
of Figure 26 even so it is a reasonable guess. More generally it would be interesting
to find out conditions insuring non uniqueness of minimizers. Of course the above
issues have to be addressed also in the case of the energy defined by (4.18) or in the
case of nonhomogeneous energy of the type

l/ o (x)|Vux)|?dx — Gh,
2 Ja

— see (2.10). Suppose now that
Q=(-¢4,0) x(—1,1)

where ¢ > 1andthatr < 1. Then, the problem of minimization (4.11) admits certainly
a unique solution (for symmetry reason we must have ¢ = 0, see Figure 29). Then, it
would be interesting to examine what happens when £ — oo. For instance does the
coincidence set shrink to a curve? What is at the limit the relationship between this
problem and the problem of a disk on a wire? The undeformed configuration of the
wire being here (—1, 1) — cf. [10] for all these types of questions.
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Figure 29. The rectangle case with one dimension large

5 The case of several balls on an elastic membrane

For simplicity we restrict ourselves to the case of two balls. We denote by ry,
the radii of the balls and by G, G, their weights. The position of the balls will be

T2

Figure 30. The equilibrium position of two balls rolling on a membrane

completely determined by the position of their centers

Ci= (1, h), Cr=(&, ho), (5.1

g € R2, h; € R, i = 1,2. If Q denotes the undeformed configuration of the elastic
membrane at hand we will suppose that the balls cannot touch the rim of the membrane
i.e. that

;ieQ, ={xeQ|dist(x,I)>r;}, i=12 (5.2)

Moreover we will assume that these balls cannot penetrate each other in such a way
that

151 — &* + (h — h2)? = (r1 +12)%, (5.3)

| - | denotes the euclidean norm in R2.
The bottom parts of the balls will be described by the functions

Vi =) =hi+rP = Ix = G2 x € B, i=1,2 (5.4



Elastic deformations of membranes and wires 67

(see (4.3), (4.4) for the notation). Then, for a position
£= (L1, h, &, hy) € RS (5.5)
of the centers an admissible deformation is an element u € K = K (&) defined by
K@E)={ve Hol(SZ) | v(x) > ¥%hi (x) ae.x € B, ri), i =1,2). (5.6)
Thus for
E=(l1,h1,80,h) € Q2 xRxQp, xR 5.7

and u an admissible deformation the energy of the system is given by
1
E(u; &) = 5/ IVu(x)|>dx — Gihy — Gahs. (5.8)
Q

The minimization problem that we would like to address is then to find uo, SO such
that it holds that

£0 =0 h0,¢0, 1Y) € @, xR x 2, xR,
g0 satisfies (5.3), u® € K(£9),

0. .0 5.9
E@®£%) < Eu; §) VE € 2 x R x , x R,
& satisfying (5.3),Vu € K(&).
Arguing as in the preceding sections, we introduce u = u(&) the solution to the
variational inequality
u € K(§),
(5.10)
Vu-Vv—u)dx >0 VYveK(E§).
Q
Then for § € @, x R x @, x R, & satisfying (5.3), u = u(&§) we set
1
e(&) = 5/ IVu(x)|?>dx — Gihy — Gahs. (5.11)
Q

Then, clearly, the problem (5.9) is equivalent to minimize e on a subset of €2,, x R x
Q,, x R, i.e. to find £° such that

{50 €, xRxQ, xR, £9 satisfies (5.3), (5.12)

e(éo) <el)VE e, xRxQ, xR, & satisfying (5.3).

This problem is in general open. Let us collect here the results that are available with
the techniques we have developed above.
First let us denote by

ui = u(i, hi) (5.13)

the solution to (4.15). Then we have
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Proposition 5.1. Let & = ({1, h1, &2, h2) € Q) X R x 2, x Rand u = u(&) be the
solution to (5.10). Then it holds that

ul@) >u =u,hy) inQ,i=1,2. (5.14)

Proof. 1t is enough to show that
wi—w)t=0, i=1,2. (5.15)
For that remark that
u+ w —u)t e K(&). (5.16)
Thus from (5.10) we deduce
/Qvu V(u; —u)tdx > 0. (5.17)
Next since
ui — wi —u)" =u or u;
we have clearly
up — (uj —u)* € K&, hy)

and from (4.15) we obtain

—/ Vu; - V(u; —u)tdx > 0. (5.18)

Q
Adding (5.17) and (5.18) we get
/ Vi —w)F|dx = / Vi —u) -V —u)t <0
Q Q
and (5.15) follows. This completes the proof of the proposition. O
As a consequence we can show

Proposition 5.2. Let & = (&1, h1, &2, h2) € Q2 X R x Q,, x R. Let u = u(&) the
solution to (5.10). Then it holds that

ue whe(Q). (5.19)
The coincidence set
A ={x € B(1,r)UB(2,r2) | ulx) = ¥1(x) or u(x) = ya(x) } (5.20)
is a closed subset of Q2 such that for some ¢ > 0 it holds that

A C B, r1 —&)UB(&,rp —¢). (5.21)
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Moreover we have

Au>0 inQ, (5.22)
Au=0 inQ\A. (5.23)
Proof. This is an easy consequence of Proposition 4.1 and 5.1. O

In arguing as in Theorem 3.1 we can prove

Theorem 5.1. The function e is continuous at any point of 2, x R x €,, x R
satisfying (5.3).

At this stage many open questions remain. We refer the reader to [16]. Indeed the
system formed by two balls has not the symmetry of a single ball. For instance, if we
can find an analogue of the differentiation formula (4.109), to use it as in Lemma 4.5
is a different story. So, it is not so easy to reduce the minimization problem (5.12) to
a minimization on a compact subset of R® — even in the case where 2 is a circular
membrane and the balls identical. Considering — see Lemma 4.5 — an axis S going
through the center of the balls one can show that one decreases the energy when S
moves toward the center of the membrane (see [16], [12]). However, we are not yet
able to conclude that (5.12) achieves a minimum. The nature of this equilibrium is
more mysterious. For instance do we have for small weights the two balls sitting at
the same level in the middle of the membrane? Do they tilt when the weight increases
(see Theorem 3.2)? Could we have the situation of Figure 17 when the balls are not
identical and the small ball becomes heavy? Could we show then that the equilibrium
is achieved when the two balls are centered in the middle of the membrane and that it is
unique? The issue of uniqueness of a solution is, in the case of two balls, more subtle
also than in the case of a single ball. For instance in the case of a circular membrane
uniqueness should hold up to a rotation centered at the center of the membrane. Thus
even for identical balls and simple domain €2 the problem of existence, uniqueness
and nature of the equilibrium is far from being trivial. To convince the reader further
let us consider the domain €2, introduced in the preceding section and given by

Q=(=0,0x(=1,1), £>1. (5.24)

Let us drop two identical balls on this membrane. What is the equilibrium position(s)?
What is going to happen for £ = 1 i.e. for a square membrane? What will follow if
we let £ > 1?7 In what direction will the balls be lined up? What will happen when
¢ — +o00o. The questions are very simple. However, to be tackled they need some
skills. We hope the reader will be eager to attack them and develop new elegant
techniques that can be used in the wide topic of elliptic problems and calculus of
variations.
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Scattering, spreading, and localization of an
acoustic pulse by a random medium
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Abstract. Random media have material properties with such complicated spatial variations that
they can only be described statistically. When looking at waves propagating in these media,
we can only expect in general a statistical description of the wave. But sometimes there exists
a deterministic result: the wave dynamics only depends on the statistics of the medium, and
not on the particular realization of the medium. Such a phenomenon arises when the different
scales present in the problem (wavelength, correlation length, and propagation distance) can
be separated. In this lecture we restrict ourselves to one-dimensional wave problems that arise
naturally in acoustics and geophysics.

1 Introduction

Wave propagation in linear random media has been studied for a long time by per-
turbation techniques when the random inhomogeneities are small. One finds that the
mean amplitude decreases with distance traveled, since wave energy is converted to
incoherent fluctuations. The fluctuating part of the field intensity is calculated approx-
imatively from a transport equation, a linear radiative transport equation. This theory
is well-known [21], although a complete mathematical theory is still lacking (for the
most recent developments, see for instance [14]). However this theory is known to
be false in one-dimensional random media. This was first noted by Anderson [1],
who claimed that random inhomogeneities trap wave energy in a finite region and do
not allow it to spread as it would normally. This is the so-called wave localization
phenomenon. It was first proved mathematically in [20]. Extensions and general-
izations follow these pioneer works so that the problem is now well understood [10].
The mathematical statement is that the spectrum of the reduced wave equation is pure
point with exponentially decaying eigenfunctions. However the authors did not give
quantitative information associated with the wave propagation as no exact solution is
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available. In this lecture we are not interested in the study of the strongest form of
Anderson localization. We actually address the simplest form of this problem: the
wave transmission through a slab of random medium. It is now well-known that the
transmission of the slab tends exponentially to zero as the length of the slab tends
to infinity. Furstenberg first treated discrete versions of the transmission problem
[18], and finally Kotani gave a proof of this result with minimal hypotheses [25].
The connection between the exponential decay of the transmission and the Anderson
localization phenomenon is clarified in [13]. Once again, these works deal with qual-
itative properties. Quantitative information can be obtained only for some asymptotic
limits: large or small wavenumbers, large or small variances of the fluctuations of the
parameters of the medium, etc. A lot of work was devoted to the quantitative analysis
of the transmission problem, in particular by Rytov, Tatarski, Klyatskin [23], and by
Papanicolaou and its co-workers [24]. The tools for the quantitative analysis are limit
theorems for stochastic equations developed by Khasminskii [22] and by Kushner
[27].

There are three basic length scales in wave propagation phenomena: the typical
wavelength A, the typical propagation distance L, and the typical size of the inhomo-
geneities /.. There is also a typical order of magnitude that characterizes the standard
deviation of the dimensionless fluctuations of the parameters of the medium. It is not
always so easy to identify the scale /., but we may think of /. as a typical correlation
length. When the standard deviation of the relative fluctuations is small ¢ < 1, then
the most effective interaction of the waves with the random medium will occur when
I, ~ A, that is, the wavelength is comparable to the correlation length. Such an inter-
action will be observable when the propagation distance L is large (L ~ Ag~2). This
is the typical configuration in optics and in optical fibers.

Throughout this lecture we shall consider scalings arising in acoustics and geo-
physics. The main differences with optics are that the fluctuations are not small, but
the typical wavelength of the pulse A ~ 150 m is small compared to the probing
depth L ~ 10 — 50 km, but large compared to the correlation length [, ~ 2 — 3 m
[38]. Accordingly we shall introduce a small parameter 0 < ¢ < 1 and consider
Il ~ &2, 1 ~ ¢ and L ~ 1. The parameter ¢ is the ratio of the typical wavelength
to propagation depth, as well as the ratio of correlation length to wavelength. This is
a particularly interesting scaling limit mathematically because it is a high frequency
limit with respect to the large scale variations of the medium, but it is a low frequency
limit with respect to the fluctuations, whose effect acquires a canonical form indepen-
dent of details. We shall study the asymptotic behavior of the scattered wave in the
framework introduced by Papanicolaou based on the separation of these scales.

The lecture is organized as follows. In Section 2 we present the method of averaging
for stochastic processes that is an extension of the law of large numbers for the sums
of independent random variables. These results provide the tools for the effective
medium theory developed in Section 3. We give a review of the properties of Markov
processes in Section 4. We focus our attention to ergodic properties, and we propose
limit theorems for ordinary differential equations driven by Markov processes that
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are applied in the following sections. Section 5 is devoted to the O’Doherty—Anstey
problem, that is to say the spreading of a pulse traveling through a random medium.
We compute the localization length of a monochromatic pulse in Section 6. We finally
study the exponential localization phenomenon for a pulse in Section 7 and show that
it is a self-averaging process.

2 Averages of stochastic processes

We begin by a brief review of the two main limit theorems for sums of independent
random variables.

e The Law of Large Numbers: If (X;);cn is a sequence of independent identically
distributed R-valued random variables, with E[| X1|] < oo, then the normalized partial
sums

1 n
Sy = — X
n n Z k
k=1
converge to the statistical average X = E[X] with probability one (write a.s. for

almost surely).

e The Central Limit Theorem: If (X;);en is a sequence of independent and identi-
cally distributed R-valued random variables, with X = E[X;] and E[X %] < 00, then
the normalized partial sums

. 1 & _
Sp = — Xy — X
ﬁ,;( r — X)

converge in distribution to a Gaussian random variable with mean 0 and variance
02 = E[(X; — X)?]. This distribution is denoted by N (0, o2). The above assertion
means that, for any continuous bounded function f,

~ n—o00 1 o X2
E[f(S»)] —— W-/—oo S(x)exp (_F> dx

or, for any interval I C R,

~ N 1 x2
P(S, e 1) === f — = )dx.
Geel) == Fz oo 72) @




74 Josselin Garnier

2.1 A toy model

Let us consider a particle moving on the line R. Assume that it is driven by a random
velocity field ¢ F (t) where ¢ is a small dimensionless parameter, F is stepwise constant

(.¢]
F(t) =" Fil_1i(),
i=1
and F; are independent and identically distributed random variables that are bounded,

E[F;] = F and E[(F; — 17“)2] — o2. The position of the particle starting from O at
timetr =0 is

t
X(1) :8/ F(s)ds.
0

Clearly X (¢) 2% 0. The problem consists in finding the adequate asymptotic, that
is to say the scale of time which leads to a macroscopic motion of the particle.

Regime of the Law of Large Numbers. At the scale t — /e, X*(1) := X (%) reads
as:

Xe(t) = 8/ F(s)ds
0

Il
™
—
™ |~
|
X
<‘c|~|>—~
.
I
—_
|
+
™
N
™ |~
|
—
™ |~
|
SN——
1
o |~
-

E[F]=F
t
The convergence of é ( Zl[;]l F,-) is imposed by the Law of Large Numbers. Thus
the motion of the particle is ballistic in the sense that it has constant effective velocity:

e—0

X¢(t) — Ft.

However, in the case F = 0, the random velocity field seems to have no effect, which
means that we have to consider a different scaling.
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Regime of the Central Limit Theorem F = 0. At the scale 1 — ¢ /82, Xe(@) =
X(E%) reads as:

XE(t) = 8/52 F(s)ds
0

i=

1 1
= — | x
AR
Jt distribution |,
N (0, 02)

t
The convergence of \/ﬁ ( > l.[;zl] F; i) is imposed by the Central Limit Theorem. X°(r)

converges in distribution as ¢ — 0 to the Gaussian statistics N (0, ot). The motion
of the particle in this regime is diffusive.

2.2 Stationary and ergodic processes

A stochastic process (F(¢));>o is an application from some probability space to a
functional space. This means that for any fixed time ¢ the quantity F(¢) is a random
variable with values in the state space E. E is a locally compact Polish space. We
shall be often concerned with the case E = R?. Furthermore we shall only consider
configurations where the functional space is either the set of the continuous functions
C([0, 00), E) equipped with the topology associated to the sup norm over the compact
sets or the set of the cad-lag functions (right-continuous functions with left hand limits)
equipped with the Skorohod topology. This means that the realizations of the random
process are either continuous E-valued functions or cad-lag E-valued functions.

(F(1)),er+ 1s a stationary stochastic process if the statistics of the process is in-
variant to a shift 6; in the time origin:

distribution

6 F F

where the shift operator is

O F(-)=F(@t+ ).
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Itis a statistical steady state. Let us consider a stationary process such that E[| F'(7)[] <
oo. We set F = E[F (¢)]. The ergodic theorem claims that the ensemble average can
be substituted to the time average under the so-called ergodic hypothesis:

If 1 is a subset of the phase space such that 6,1 = I a.s. for all 7,
then P(/) =0 or 1.

Theorem 2.1. If F satisfies the ergodic hypothesis, then

1 r T—o0 =
— Ft)dt —— F Pa.s.
T Jo

The ergodic hypothesis requires that the orbit (F'(¢)); visits all of phase space (difficult
to state). This hypothesis can be made more transparent by looking at a non-ergodic
process.

Example 2.2. Let F; and F> two ergodic processes, and denote Fj = E[F; (D],
j = 1,2. Now flip a coin independently of F and F;, whose result is x = 1 with
probability 1/2 and 0 with probability 1/2. Let F@t) = xFi(t) + (1 — x)F2(1),
which is a stationary process with mean F' = 5 L(F| + F). The time- averaged process

satisfies
1 (7 1 (7 1 (7
?/0 F@t)dt = (T/o Fi(® dt) + 1 —x) (?/0 Fz(t)dt>

T - -
—5 xFi+ (- x)F

which is a random limit different from F. This limit depends on x because F has
been trapped in a part of phase space.

2.3 Mean square theory

Let (F(t));>0 be a stationary process, E[ F 2] < oco. We introduce the autocorrelation
function

R@) =E[(F(t) — F)(F(t+7)— F)].
By stationarity, R is an even function
R(-1)=E[(F(t) - F)(F(t —7) — F)]
=E[(F(' +1)— F)(F() — F)] = R(®).
By Cauchy—Schwarz inequality, R reaches its maximum at O:
VR[(F(+1) — F)?]'?

Proposition 2.3. Assume that fooo T|R(1)|dt < oo. Let S(T) = %fOT F(t)dt.
Then

R(r) <E[(F(t) — F)?] = R(0) = var(F).

T—o0

E[(S(T) — F)’] —= 0,
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more exactly
= T—o0 o
TE[(S(T) — F)*] — 2/ R(r)dr.
0

One should interpret the condition fOOO T|R(1)|dt < o0 as “the autocorrelation
function R(t) decays to O sufficiently fast as T — 00.” This hypothesis is a mean
square version of mixing: F(¢) and F(t 4 t) are approximatively independent for
long time lags 7. Mixing substitutes for independence in the law of large numbers. In
the case of piecewise constant processes:

k
F() =Y filseitoten Lo=0, Li=Y 1,
keN j=1

with independent and identically distributed random variables fj, and independent
exponential random variables /; with mean 1 we have R(t) = var(f]) exp(—1).

Proof. The proof consists in a straightforward calculation.

_ 1 T T _ _
E[(S(T) — F)?] =E[ﬁ /0 dt /0 dt(F(t1) — F)(F(t) — F)}

2 T 1
= — dn / dtR(t) — 1) (by symmetry)
T2 Jo 0

2 T T—1

= —/ dr/ dhR(t) (witht =1t —t, h=1)
72 Jo 0
2 T

= ﬁ/o dt(T — 1)R(7)

2 (T 2 (T
:?-/0 R(T)dr_ﬁ/() TR(t)dr. O

Note that the L?(P) convergence implies convergence in probability as the limit is
deterministic. Indeed, by Chebychev inequality, for any § > 0,

E[(S(T) = F))] 7o

> 0.

P(IS(T) — F| = 8) <

2.4 The method of averaging

Let us revisit our toy model and consider a more general model for the velocity field.
Let 0 < & <« 1 be a small parameter and X? satisfies

axe¢ t
=F (g) . Xf0)=0

dt
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where F is a stationary process with a decaying autocorrelation function such that
f T|R(t)|dt < 00. F(t) is a process on its own natural time scale. F(t/¢) is the
speeded-up process. The solution is X¢(¢) = fot F(s/e)ds = t% fOT F(s)ds where
T=t/e > o0ase — 0. So X?(t) > Frase — 0, orelse X — X solution of:
X _F X(t =0) =0.
dt

We can generalize this result to more general configurations.

Proposition 2.4 ([22, Khaminskii]). Assume that, for each fixed value of x € RY,
F(t,x)isa stocha_stic R -valued process in t. Assume also that there exists a deter-
ministic function F (x) such that

_ 1 to+T
F(x) = lim — / E[F (¢, x)]dt
T—o0 T to
with the limit independent of ty. Let ¢ > 0 and X¢ be the solution of

X _p(txe). x°0)=o0
a o\t ) =

Define X as the solution of

X _ 5% %O =0
C=F, X0 =0.

Then under wide hypotheses on F and F, we have forany T:

sup E[|X() — X(1)]] == o.
tel0,T]

Proof. The proof requires only elementary tools under the hypotheses:
17 .
1) F is stationary and E H? / F(t,x)dt — FH ﬂ) 0 (to check this, we
0

can use the mean square theory since E[|Y|] < v E[Y2]).

2)Foranyt F(¢, -)and F(-) are uniformly Lipschitz with a non-random Lipschitz
constant c. .

3) For any compact subset K C R4, SUp,er+ xek | F (1, X)| + [F(x)| < o0.

We have

!

t
Xg(t):f F(f,xf(s)) ds, X(z):/ F(X(s))ds
0 € 0
so the difference reads

Xe(1) — X(1) = /Ot (F (Z xa(s)) —F (g X(s))) ds + g5 (1)
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where g°(1) := [y F (£, X(s)) — F(X(s)) ds. Taking the modulus,

XE(1) — X(1)] < /Ot F(E,X‘E(s))—F(z,X(s))\ ds + 1g° (1)|

A

t
cfo X(s) — X(s)|ds + 1¢° (1)),

Taking the expectation and applying Gronwall’s inequality,

E[IX(t) — X(0)|] < e sup E[lg°(s)I].

s€[0,7]
It remains to show that the last term goestoO ase¢ — 0. Let§ > 0

g (1) = WZH /k e (F (G %) - F&w)) ds

k=0 Jké
+/3;/s] (F (2 X(s)) — F(X(s))) ds

Denote My = sup, .7y I X(0)|. As K7 = SUp, (1, ppper+ |1 F (6 X)] + | F(x)]
is finite, the last term of the right-hand side is bounded by 2K7§. Furthermore F is
Lipschitz, so that

K _ _
F(2.%0)) = F (5. Xko))| < e [X(s) = X()| = cKrls — ko).
We have similarly:

|F(X(s)) — F(X(k8))| < cKrls — ké|.

Thus
[/81=1 (k+1)8 s - o
f) < F (-, X(k8)) — F(X(kd d
g° 0] = kXZjO/ks (F (G Xwo) - F(X(d)) ) as

(/31=1 . (k+1)8
+2¢K7 Z f (s — k&) ds + 2Kr8
k=0 7k
[t/8]-1
<e¢
k=0

(k+1)8/e - _ -
/ (F(s, X (kb)) — F(X(kS))) ds|+2Kr(ct + 1)6.
k

§/e

Taking the expectation and the supremum:

(T/3] e [U+D/e _ -
sup E[|g(1)]] < & Z H(S/k (F(s, X (kd)) — F(X(kS))) ds

t€l0,7T] 3/

]

+2K7r(cT 4 1)8.
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Taking the limit &¢ — O:

limsup sup E[|g°@)|] < 2K7(cT + 1)s.
e—>0 t€[0,T]

Letting § — 0 completes the proof. O

3 Effective medium theory

This section is devoted to the computation of the effective velocity of an acoustic pulse
traveling through a random medium. The acoustic pressure p and speed u satisfy the
continuity and momentum equations

fu 0 _y G.1)
Por Tax T '
P ko (3.2)
dt Kax_ '

where p is the material density and « is the bulk modulus of the medium.

Assume that p = p(x/e) and k = k(x/e) are stationary random functions of
position on spatial scale of order ¢, 0 < ¢ <« 1. They are piecewise smooth and
also uniformly bounded such that ||pllec < C, [[p oo < C, lklloc < C, and
Ilc oo < C as.

Assume conditions so that the system admits a solution, for instance a Dirichlet
condition at x = O of the type u(x = 0,¢) = f(t) and p(x = 0,1) = g(¢) with
f. g € L*. We also assume for simplicity that the Fourier transforms f and g decay
faster than any exponential (say for instance that f and g are Gaussian pulses).

Note that the fluctuations in the sound speed are not assumed to be small. This
corresponds to typical situations in acoustics and geophysics. The estimation of the
vertical correlation length of the inhomogeneities in the lithosphere from well-log
data is considered in [38]. They found that 2-3 m is a reasonable estimate of the
correlation length of the fluctuations in sound speed. The typical pulse width is about
50 ms or, with a speed of 3 km/s, the typical wavelength is 150 m. So & = 1072 is
our framework.

We perform a Fourier analysis with respect to . So we Fourier transform u and p

ulx,t) = / a(x, w)e ' dw, px,t)= / p(x, we ' daw
so that we get a system of ordinary differential equations (ODE):

dxé
~r(zx)
dx e
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where
p 0
Xt = ( b ) F(x, X) = M(x)X, M(x):iw( ) P >
u —— 0
Kk (x)
Note first that a straightforward estimate shows that | X?(w, z)| < | Xo(w)|exp(Cwz)
uniformly with respect to z. Apply the method of averaging. We get that X°(x, w)

converges in L'(P) to X (x, @) solution of

X - 0 5 _ _ iy
—=MX, M=iw , =E[p], k= (E|« .

= (9 5) s=mor e=@E)

We now come back to the time domain. We introduce the deterministic “effective
medium” with parameters p, ¥ and the solution (p, i) of

8@ 9p
R A\
Par ¥ ax

95 i

9P g% .
ot ox

R .82 =2 9%
The parameters are constant, so i satisfies the closed form equation %TZ -2 gTZ =
0, which is the standard wave equation with the effective wave speed ¢ = \/k/p.

We now compare u?(x, t) with u(x, t):
E[lu®(x,0)—ax,0]] =E H/ei“”(ﬁg(x,a)) — ﬁ(x,w))dwu

< /JE[mg(x, ) — i(x, »)|]do.

The dominated convergence theorem then gives the convergence in L' (P) of u® to i
in the time domain. Thus the effective speed of the acoustic wave (p®, uf) ase — 0
is c.

Example 3.1 (Bubbles in water). Air and water are characterized by the following
parameters:

pa = 12103 g/m?, k, = 1.4 108 g/s*>/m, ¢, = 340 m/s;

pw = 1.0 10 g/m3, k,, = 2.0 10'8 g/s?/m, ¢, = 1425 m/s.

If we consider a pulse whose frequency content is in the range 10 Hz—30 kHz, then
the wavelengths lie in the range 1 cm—100 m. The bubble sizes are much smaller, so

the effective medium theory can be applied. Let us denote by ¢ the volume fraction
of air. The averaged density and bulk modulus are

9.910° g/m’ ifp =1%
910% g/m® if¢p = 10%,

) Nt (¢ 1=\ (14100 gs¥m if ¢ = 1%
7= (El™) —<K e ) —{1,4 10° g/s?/m  if ¢ = 10%.

a

p =Elpl = dps + (1 — P)pw = {
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Accordingly ¢ = 120 m/s if ¢ = 1% and ¢ =37 m/s if ¢ = 10 %.

The above example demonstrates that the average velocity may be much smaller
than the minimum of the velocities of the medium components. However it cannot
happen in such a configuration that the velocity be larger than the maximum (or the
essential supremum) of the velocities of the medium components. Indeed,

8] = Bl 212 < B '] PELp 2 =,

Thus ¢ < E[c’l]_] < ess sup(c).

4 Markov processes

4.1 Definition and main properties

A stochastic process (X;);>0 with state space E is a Markov process if VO < s < ¢
and B € B(E) (the o-algebra of Borel sets of E)

P(X; € B|Xy,u < s) =P(X; € B|Xy)

“the state X at time s contains all relevant information for calculating probabilities of
future events”. The rigorous definition needs o -algebras of measurable sets. This is a
generalization to the stochastic case of the dynamical deterministic systems without
memory of the type ‘é—’; = f(t, x(1)).

The distribution of X, starting from x at time s is the transition probability

P(X; € B|X; =x) = P(s,x;t,B) = / P(s,x;t,dy).
yeB

Definition 4.1. A transition probability P is a function from R™ x E x Rt x B(E)
such that

1) P(s, x;t, A) is measurable in x for fixed s € RT,t ¢ R, A € B(E),
2) P(s,x;t, A) is a probability measure in A for fixeds € R*,r e RT,x € E,
3) P satisfies the Chapman—Kolmogorov equation:

P(s,x;t,A) = / P(s,x;t,d2)P(t,z;t,A) VO<s <1<t
E

Note that the Chapman—Kolmogorov equation can be deduced heuristically from
a disintegration formula:

P(X, € AJX, = x) = / P(X, € AIX; = x, Xs = O)P(X, € dz|X, = %)
E

and the application of the Markov property.
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Note also that a Markov process is temporally homogeneous if the transition prob-
ability depends only on ¢t — s: P(s,x;¢t, A) = P(0,x;t — s, A).

We can now define the 2-parameter family of operators defined on the space of
measurable bounded functions L*°(E):

Tyo f(r) = ELF(X0)|X, = x] = fE P(s, x: 1, dy) f(3).

Proposition 4.2. 1) T, ; = 1.
2)Vs <t <t Ts,t = Ts,rTr,t-

3) Ty ; is a contraction | Ts ; flloo < || flloo-

Proof. The second point follows from the Chapman—Kolmogorov relations, and the
third one:

1 Ts.e f(0)] < /Ep(s,x; Ldy)| flloo = I1f lloo- O

We shall consider Feller processes: for any continuous bounded function f such
that lim|y|.o0 f(x) exists and equals O and for any ¢ > O the function (%, x) —
T! th f(x) is continuous. This continuity property goes from the family operators
(T ;) to the process itself. The exact assertion claims that this is true for a modification
of the process. A stochastic process X is called a modification of a process X if

P(X, = X;) = 1 forall r.

Proposition 4.3. Let (X;) be a Feller Markov process. Then (X;) has a modification
whose realizations are cad-lag functions.

From now on we shall always consider such a modification of the Markov process.
The generator of a Markov process is the operator

T! — 1
0; :=lim -2 4
s/t t— 8§

It is defined on a subset of L°(E).

Proposition 4.4. Ifu(s, -, -) € Dom(Qy), then the function u(s, t,x) = Ts; f(x)
satisfies the Kolmogorov backward equation (KBE)

0
a—” FOu=0, s<t u(s=t1x) = f(x). 4.1)
s
Proof.
QO,u = lim hu(s t,x) = — lim d_—TSS*STlf(x)
ST 550 ) o T 550 ) §

ooou(t,s,x)—u(t,s —§,x) ou
— 2" = —lim =—-——.
§—0 8 50 1) as ]
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Application: ODE driven by a Feller Markov process. Let g be a Feller process
with generator Q; and X be the solution of:

dX—F 1), X(t
o= (g(@), X (1))

where F is Lipschitz continuous and bounded. Then Y = (g, X) is a Markov process
with generator:

d
L£=0/+) Fi(g.X)

9
= 0X;

Proof. The fact that Y is Markov is straightforward. Let f be a smooth bounded test
function.
ElfX@+m) Y@ =X, @]— f(y)=An+ Bxy (4.2)

where

Ap = E[f(X(t+1),q@+h) — f(XQ@O),q(+h)|Y()=(X,q)]

By, = E[f(X(®),q(+ 1) — f(X(1),q0) | Y1) =(X,q9)].
On the one hand

Ap = E[VF(X(®),q@+h).(X{E+h) —X(©)
FOUX(+ 1) = XOP) | Y () = (X, )]
= E[VF(X(®).q(t +m).FX©®) | Y() = (X, 9)h+ O(h*)

which implies (g is assumed to be Feller):

A N
- P28 BIVAX ). q().FIX0)) | Y1) = (X, @)] = V(X q).F(X).
(4.3)
On the other hand
B 1 N
== 2ELf(Xoq(+ 1) = f(X.q() | 4() = g 228 0 f(X.q). (44
Substituting (4.3) and (4.4) into (4.2) yields the result. O

4.2 Homogeneous Feller processes
In this section we consider a temporally homogeneous Markov process. Its transition

probability P(s, x; ¢, A) is then denoted by P;_;(x, A), and the family of operators
T ; is then of the form Ty ; = T;—s:

T f(x) = fE Py, dy) £ ().
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It is a semi-group as it satisfies T;4; = T;Ts. It is not a group as 7; does not possess
an inverse. The Feller property then claims that 7; is strongly continuous.

The distribution P, of the Markov process starting from x € E is described by
the probability transition. Indeed, by the Chapman—Kolmogorov equation, for any
neN* forany0 <t <tp <--- <t, <ooandforany Ay,..., A, € B(E), we
have:

P.(X; €Ay,....Xs, € Ap)
:/ / P[l(X,dX])Ptz_[l (.)C],dXZ)...Ptn_[n_l(xn_],dxn).
Al An

We shall denote by E, the expectation with respect to P,. We have in particular
E.f(X)] =T, f (%)

The Markov processes have been extensively studied and classified. This classifi-
cation is based upon the notions of recurrence and transience. From this classification
simple conditions for the ergodicity of the process can be deduced.

The main hypothesis that will insure most of the forthcoming results is that the
transition probability has a positive, continuous density function:

Hypothesis D. There exists a Borel measure . on E supported by E, and a strictly
positive function p;(x, y) continuous in (t, x, y) € RY* x E? such that the transition

probability P;(x, dy) equals p;(x, y)u(dy).

Let L°°(E) be the set of all bounded measurable functions on E and let Cp(E) be
the set of all bounded continuous functions on E. For each ¢t > 0, T, maps L*°(E)
into Cp(E). Indeed if f € L°°(FE) satisfies0 < f < 1, both T; f and T;(1 — f) are
lower semicontinuous and their sum is constant 1. Then 7; f has to be continuous.
This can be generalized to any f € L°°(E). The semigroup with this property is
called a strong Feller semigroup.

4.2.1 Recurrent and transient properties. The Feller process is called recurrent

(in the sense of Harris) if
o0
P, (/ 14(Xy) dt = oo) =1
0

for every x € E and A € B(E) such that £(A) > 0. This means that the time spent
by the process in any subset is infinite, or else that it comes back an infinite number
of times in any subset.

The Feller process is called transient if

o0
sup E |:/ 1A(X,)dt:| < 0
0

xekE

for every compact subset of E. This means that the process spends only a finite time
in any compact subset, so that it goes to infinity. The classification result holds as
follows.
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Proposition 4.5. A Feller process that satisfies Hypothesis D is either recurrent or
transient.

The proof can be found in [33]. It consists in 1) introducing a suitable Markov pro-
cess with discrete time parameters, 2) showing a similar transient-recurrent dichotomy
for this process, and 3) applying this result to the Feller process.

4.2.2 Invariant measures. Let 7t be a Borel measure on E. It is called an invariant
measure of the Feller semigroup (7;) if

/ T, f () (dx) = / F)m(dx)
E E

forevery ¢ > 0 and for any nonnegative functions with compact support. The following
proposition (whose proof can be found for instance in [26]) shows that a recurrent
process possesses a unique invariant measure.

Proposition 4.6. Let (X,) be a Feller process satisfying Hypothesis D. If it is recurrent,
then there exists an invariant measure w which is unique up to a multiplicative constant
and mutually absolutely continuous with respect to the reference Borel measure L.

In the case where the state space is compact, the process cannot be transient, hence
it is recurrent and possesses an invariant measure, which has to be a bounded Borel
measure.

Corollary 4.7. Let (X;) be a Feller process with compact state space satisfying Hy-
pothesis D. Then it is recurrent and has a unique invariant probability measure.

4.2.3 Ergodic properties. Let f € L°°(E). It is called T;-invariant if T; f (x) =
f(x) for any ¢ and x. We can characterize the ergodic hypothesis in terms of
T;-invariant functions.

Proposition 4.8. A Feller process is ergodic if every bounded measurable T;-invariant
Sfunction is a constant function. Conversely if the Feller process is ergodic, then every
bounded continuous T;-invariant function is a constant function.

The ergodic theorems that we are going to state are based on the following propo-
sition.

Proposition 4.9. Let (X;) be a recurrent Feller process satisfying Hypothesis D. For
every pair of probabilities | and 1, we have

lim [|(7ry —m2) Pl =0
t—0o0

where T P;(-) = fE w1 (x)Pi(x, -) and || - || is here the norm of the total variations.
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The proposition means that the process forgets its initial distribution as ¢t — oo.
Applying the proposition with 71 = §; and m, = the invariant measure of the process
is the key to the proof of the ergodic theorem for Markov processes:

Proposition 4.10. Let (X;) be a Feller process satisfying Hypothesis D.

1) If it is recurrent and has an invariant probability measure w, then for any
f € L°°(E) and for any x € E,

TfG) <22 /E FO)m(dy).

2) If it is recurrent and has an infinite invariant measure, then for any
f € L*®(E) such that fE | fO) | (dy) < oo and for any x € E:

t—00

T, f(x) —— 0.

3) If it is transient, then for any f € L°°(E) with compact support and for any x:
T, f(x) —25 0.

The ergodic theorem has also a pathwise version:

Proposition 4.11. Let (X;) be a Feller process satisfying Hypothesis D.

1) If it is recurrent and has an invariant probability measure w, then for any
f € L°°(E) and for any x € E,

t
;/ f(Xy) indaN /f(y)n(dy) P, almost surely.
0 E

2) If it is recurrent and has an infinite invariant measure, then for any f € L*°(E)
such that fE | f(V)|m(dy) < oo and for any x € E:

—00

f(X,) —=> 0 inL'(Py).

3) If it is transient, then for any f € L°°(E) with compact support and for any x:

f(Xy) 20 P, almost surely.

4.2.4 Resolvent equations and potential kernels. We consider a Feller process
satisfying Hypothesis D. We set, for o > 0,

0
ua(x,y)=/ e pi(x,y)dt
0

which is a strictly lower semicontinuous function. The family of operators (Uy)q=0

Ua(X)=/Eua(x,y)f(y)u(dy)=/o e T, f (x)dt



88 Josselin Garnier

is called the resolvent of the semigroup (7). It satisfies the resolvent equation:

(@ =PUsUpf +Uaf —Upf =0 4.5)

for any o, 8 > 0.

A kernel U (i.e. a family of Borel measures {U (x, -), x € E} such that U(x, A)
is measurable with respect to x for all A € B(FE)) is called a potential kernel if it
satisfies:

(I —aU)Uf =U, f (4.6)

for every ¢ > 0 and f such that Uf € Cp(E). The function U f is called a potential
of f. Note that Eq. (4.6) is the limit form of Eq. (4.5) as 8§ — 0.
If the process is transient, then

Uix,A) = /OO Pi(x, A)dt “4.7)
0

is a potential kernel. Indeed if f € L°(E) with compact support, Uf € Cp(E)
and satisfies U f = limg_,o Ug f. Therefore it satisfies (4.6) since (Uy) satisfies the
resolvent equation (4.5).

If the process is recurrent and has invariant measure 7, then (4.7) diverges as soon
as m(A) > 0. However it is possible to construct a kernel W such that Wf € C,(E)
and satisfies (4.6) if f € L°°(E) with compact support satisfying fE f(y)r(dy) =0.
Such a kernel is called a recurrent potential kernel.

Proposition 4.12. Let (X,) be a recurrent Feller process satisfying Hypothesis D.
There exists a recurrent potential W. Assume further that the process has an invariant
probabilitymeasurer. If f € L (E) with compact support satisfies fE fO)r(dy) =

0, then fot Ts f (x)ds is bounded in (t, x) and

t
/0 T, f(x)ds —2 Wf(x)—/EWf(y)n(dy).

Note that in the recurrent case with invariant probability measure, the recurrent po-
tential kernel exists and is unique if one adds the condition that | g Wf(y)dn(dy) =0
forall f € L (E) with compact support satisfying | g f(y)m(dy) = 0. Furthermore,
if W f belongs to the domain of the infinitesimal generator of the semigroup (7}), then
the potential kernel satisfies QW f = (o — Uy YWf = —f. We can then state the
important following corollary.

Corollary 4.13. Let (X;) be a recurrent Feller process with an invariant probability
measure 7t satisfying Hypothesis D. If f € L% (E) with compact support satisfies
/. g fOm(dy) =0, and if W f belongs to the domain of the infinitesimal generator
of the semigroup (Ty), then W f is a solution of the Poisson equation Qu = — f.
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4.3 Diffusion Markov processes

Definition 4.14. Let P be a transition probability. It is associated to a diffusion pro-
cess if:

HVxeRI,Ve>0, |

l[y—x|>¢
)Vx e R4, Ve >0, f\y—x|<s(yi —x)P(s,x;t,dy) = b;i(s, x)(t —s)+o0(t —s)
fori = 1,...,d uniformly over s < ¢,

HVx eRLVe >0, [ i —x) (= x)P(s, x5 1,dy) = aij(s, )t —
s)+o(t —s)fori, j =1,...,d, uniformly over s < .

P(s,x;t,dy) = o(t — s) uniformly over s < f,

The functions b; characterize the drift of the process, while a;; describe the diffu-
sive properties of the diffusion process. In the following we shall restrict ourselves to
homogeneous diffusion processes, whose diffusive matrix a and drift b do not depend
on time. We are going to see that these functions completely characterize a diffusion
Markov process with some more technical hypotheses.

We shall assume the following hypotheses:

a;; are of class 2 with bounded derivatives,

b; are of class C! with bounded derivatives,

(H) a satisfies the strong ellipticity condition:

There exists some y > 0 such that, for any (¢, x),
Zij aij(x)é:iéj >y Z,’ 51'2-
We introduce the second-order differential operator L:

d 2 d
B ) LAf )
Lf(x)= ) aij(x) T, +i§bl<x> e

ij=1

Proposition 4.15. Under Hypotheses (H):

1) There exists a unique Green’s function p;(x, y) from R? x Rt x R? to R such
that

pi(x,y) >0Vt >0,x,y € R4,

p is continuous on R? x RT* x RY,

pis CZinx and Clin t,

as a function of t and x, p satisfies %—’; = Lp,

Y x, fRd pi(x, V) f(dy — f(x)ast — O for any continuous and bounded
function f.
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2) There exists a unique positive function p € C1'(R%, R) such that L*p = 0 up
to a multiplicative constant. If p has finite mass, then we choose the normalization
Jra Py = 1.

We refer to [16] for the proof. This proposition is obtained by means of PDE tools.
The first point is the key for the proof of the following proposition that describes a
class of Markov processes satisfying Hypothesis D.

Proposition 4.16. Under Hypotheses (H), there exists a unique diffusion Markov pro-
cess with drift b and diffusive matrix a. It is Feller and it satisfies hypothesis D. It has
continuous sample paths. L is its infinitesimal generator. The Green’s function p is
the transition probability density

Pi(x,A) = /Apt(x’y) dy

which satisfies the KBE as a function of t and x:

ap

5 = =Lp, pi=o(x,y) =8(x—y),

and the Kolmogorov forward equation (KFE) as a function of t and y:

ap

8[ L pa pt:o(xay)=8(x_y)a

where L* is the adjoint operator of L

d 82 d 9
L= o T - (aij (0 F(0) = D 5= (bix) f(x)

i,j=1 i=1

Note that the KBE is the same as Eq (4 1), as the probability transition reads
P(s,x;t,A) = P(O,x;t —s,A) so that 2 a = ap . The KFE is also known as the
Fokker—Planck equation.

Furthermore the KBE and KFE are not restricted to the diffusion processes. We
can actually state in great generality for a Markov process (X;) with infinitesimal
generator Q that, if dom(Q) is a subset of L sufficiently large and if the probability
density function p exists and is sufficiently smooth, then it satisfies both the KBE and
the KFE. Indeed, from Proposition 4.4, if u € dom(Q) and p is smooth enough, we
have

P ou
/Mf()dy_a :_Qu:_/Qp(s,x;t,y)f(y)dy
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which proves the KBE for p smooth enough. Second, by the Chapman—Kolmogorov
equation,

0
0= —p(s,x;t,y)
ot

ap(s,x; 1,2 ap(t,z; t,
=/%P(T,Z;t,y)dz'i‘/ﬂs’x;f,Z)p(Ty)dZ

op(s, x; 7,2

=/p(T)p(r,z;t,y)dz—/p(s,x;T, 2)0:p(tr,z;t,y)dz
_ / ap(s, x; 7, 2)
N at

which proves the KFE if we let T 7 ¢t and use p(¢, y; 7,z) = 6(y — 2).

A diffusion process can be either transient or recurrent. A criterion that insures
recurrence is that there exists K > 0, « > —1, r > 0 such that

p(r,z;t,y)dz — / OIp(s,x;t,2)p(t,z;t,y)dz

d

Xj o

E bj(X)l |S—rlxl Vix| = K
X

j=1

(r should be large enough in the case « = —1). In such a case the drift b plays the
role of a trapping force that pushes the process to the origin [37].

The following proposition expresses the Fredholm alternative for the operator L in
the ergodic case. It can be seen as a consequence of Proposition 4.12 and Corollary 4.13
in the framework of diffusion processes.

Proposition 4.17. Under Hypotheses (H), if the invariant measure has finite mass,
then the diffusion process is ergodic. If moreover f € C? with compact support
satisfies fRd fOp(y)dy = O, then there exists a unique function x which sat-
isfies Ly = f and the centering condition fRd xMp(y)dy = 0. It is given by

JoS T f)ds = [5° Jga ps (e, v) f(p)dyds.

Example 4.18 (The Brownian motion). The d-dimensional Brownian motion is the
R?-valued homogeneous Markov process with infinitesimal generator:

0= LA
2
where A is the standard Laplacian operator. The probability transition density

pO,x;¢,y)

has the Gaussian density with mean x and covariance matrix ¢1;:

1 ly — x|
0,x;t,y) = ——— - ).
pO,x;1,y) )il eXp( o

An explicit calculation demonstrates that the Brownian motion is recurrent in dimen-
sions 1 and 2 and transient in higher dimensions. The Brownian motion possesses an
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invariant measure which is simply the Lebesgue measure over R? which has infinite
mass. Whatever the dimension is, the Brownian motion is not ergodic, it escapes to
infinity. It will not be a suitable process for describing a stationary ergodic medium.
However if we add a trapping potential the Brownian motion becomes ergodic, as
shown in the next example.

Example 4.19 (The Ornstein—Uhlenbeck process). It is an R-valued homogeneous
Markov process defined as the solution of the stochastic differential equation

dX[ = —)\.Xt + dW[

that admits the closed form expression

t
X; = Xoe ™ +/ e M9 aw,
0
where W is a standard one-dimensional Brownian motion. It describes the evolu-
tion of the position of a diffusive particle trapped in a quadratic potential. It is the
homogeneous Markov process with infinitesimal generator:
0 192 e
=—-—s —AX—.
2 9x2 ax

At

The probability transition p(0, x; ¢, -) has a Gaussian density with mean xe™"' and

variance o 2(¢):

_ —At\2 1= —2At
PO, x: 1, y) = w) N

1
Nern e <_ 202(1) 2%

It is a recurrent ergodic process whose invariant probability measure has a density
with respect to the Lebesgue measure:

A
POy = \/; exp (— ay?). (4.8)

Note that it may be more comfortable in some circumstances to deal with a process
with compact state space. For instance the process Y; = arctan(X;) with (X;) an
Ornstein—Uhlenbeck process is one of the models that can be used to describe the
fluctuations of the parameters of a random medium.

4.4 The Poisson equation and the Fredholm alternative

We consider in this section an ergodic Feller Markov process with infinitesimal gen-
erator Q. The probability transitions converge to the invariant probability measure by
the ergodic theorem. The resolution of the Poisson equation Qu = f requires fast
enough mixing. A set of hypotheses for rapid convergence is stated in the following
proposition due to Doeblin:
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Proposition 4.20. Assume that the Markov process has a compact state space E,
it is Feller, and there exists ty > 0, ¢ > 0 and a probability  over E such that
Pi(x,A) = cu(A) forallt > ty, x € E, A € B(E). Then there exists a unique
invariant probability p and two positive numbers c; > 0 and § > 0 such that

sup sup | Py(x, A) — p(A)] < cre™.
xeE AeB(E)

A Feller process with compact state space E satisfying Hypothesis D possesses
nice mixing properties. Indeed, if #p > 0, then § := infy ycg p(0, x; 1o, y) is positive
as E is compact and p is continuous. Denoting by u the uniform distribution over
E we have Py (x, A) > 6uu(A) for all A € B(E). This property also holds true for
any time fy 4 ¢, t > 0, as the Chapman—Kolmogorov relation implies P44, (x, A) =
[ Pi(x,dz)Pyy(z, A) = 8 [ w(A)P(x,dz) = §u(A). This proves the following
corollary:

Corollary 4.21. If a Feller process with compact state space satisfies Hypothesis D,
then it fulfills the hypotheses and conclusion of Proposition 4.20.

We end up the section by revisiting the problem of the Poisson equation in terms
of the Fredholm alternative. We consider an ergodic Feller Markov process satisfying
the Fredholm alternative. We first investigate the null spaces of the generator Q.
Considering 731 = 1, we have Q1 = 0, so that I € Null(Q). As a consequence
Null(Q*) is at least one-dimensional. As the process is ergodic Null(Q*) is exactly
one-dimensional. In other words there exists a unique invariant probability measure
which satisfies Q* p = 0. In such conditions the probability transition converges to p
as t — o0o. The spectrum of Q* gives the rate of forgetfulness, i.e. the mixing rate.
For instance the existence of a spectral gap

— g fOfdp
in —_—r >
fifs fdp=0  [p frdp

insures an exponential convergence of P;(x, -) to p. We now investigate the solutions
of the Poisson equation Qu = f. Of course Q is not invertible since it has a nontrivial
null space {1}. Null(Q*) has dimension 1 and is generated by the invariant probability
measure p. By the Fredholm alternative, the Poisson equation admits a solution if
f satisfies the orthogonality condition f L Null(Q*) which means that f has zero
mean E[ f(Xo)] = 0 where E is the expectation with respect to the distribution of the
Markov process starting with the invariant measure p:

0

E[f(Xz)]Z/Eﬁ(dX)Ex[f(Xz)]-

In such a case, a particular solution of the Poisson equation Qu = f is

uo(x) = —/Oo dsT; f (x).
0
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Remember that the following expressions are equivalent:

Ty f(x) = /E Ps(x,dy) f(y) = Ex[f (Xs)] = E[f (X)[Xo = x].

The convergence of the integral needs fast enough mixing. Also we have formally

00 0 50 00
Quoz_/ dsQesQf=_/ asS—f = =[] = r-BLFXo)] = 1.
0 0 s 0

Note that another solution of the Poisson equation belongs to Null( Q) and is therefore a
constant. Here we have E[ug(Xo)] = 0as E[ f(X;)] = E[ f(Xo)] = 0, so that we can

o0
claim that — / dsTy : D — D is the inverse of Q restricted to D = (Null(Q*))L.
0

4.5 Diffusion-approximation for Markov processes

Proposition 4.22. Let us consider the system

dXxe¢
dt

1 . t t e d
O =-F(X*®0.q(5).~). X0 =xeR". (4.9)
& & &

Assume that
1) g is a Markov, stationary, ergodic process on a compact space with generator
O, satisfying the Fredholm alternative,

2) F satisfies the centering condition: E[F (x, q(0), )] = 0 for all x and T where
E[ - ] denotes the expectation with respect to the invariant probability measure of q,

3) F is of class C? and has bounded partial derivatives in x,
4) F is periodic with respect to T with period Ty.

If ¢ — 0 then the processes (X®(t))i>0 converge in distribution to the Markov
diffusion process X with generator:

oL f(x) =/0 du (E[F(x,q(0), -).V(F(x,q), -).Vf(x)I), . (4.10)
where (- ), stands for an averaging over a periodin T.

A convergence in distribution means that for any continuous bounded functional
W from C into R we have

E[W(X%)] —=% E[w(X)].

Remark 4.23. The infinitesimal generator also reads:

d

92 d 9
L= y b (x) —
i%:l ajj(x) ox;0x; + ; i(x) ox;
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with

aij(x) :/o du(E[F;(x,q(0), )Fj(x,q), -)]), .

bi -y " aulE[ Fx. 4(0), 2L
,<x)—j§f0 B[ Fxe a0 )G g )

Remark 4.24. We can also consider the case when F depends continuously on the
macroscopic time variable 7 in (4.9). We then get the same result with the limit process
described as a time-inhomogeneous Markov process with generator .£; defined as
above.

Remark 4.25. The periodicity condition 4) can be removed if we assume instead
of 4):

4bis) Assume that the limits

1 T+to
lim —/ dTE[F;(x,q(0), T)Fj(x, q(u), )]
10

T—o0
T+t1o
lim — th[F (x, ¢ (0), r) (x (), r)]

T—o0 to

exist uniformly with respect to x in a compact, are independent on fg and are integrable
with respect to u. We then denote

00 T
ajj(x) :/O du(lim %/0 drE[Fi(x,q(O),t)Fj(x,q(u),'c)])

T—o0

T dF;
bi(x) = Z/ du (Tli)moo—‘/(; dtE |:Fj(x,q(0),1:)3—xj(x,q(u), r)])

and assume that a and b are smooth enough so that there exists a unique diffusion
process with generator £ (assume Hypotheses H for instance).

In this section we shall give a formal proof of Proposition 4.22 which contains the
key points. The strategy of the complete and rigorous proof is based of the theory
of martingales and is sketched out in Appendix B. It also relies on the perturbed test
function method.

The process Xe(-) == (X°(-), q(-/e?)) is Markov with generator

. 1 1 t
L =—2Q+—F x,q,—).V.
€ € €
The Kolmogorov backward equation for this process can be written as follows:

ove

” +LYVE=0, <T, 4.11)
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and we consider final conditions at + = T that do not depend on g:

Vit =T.,q,x) = f(x)

where f is a smooth test function. We will solve (4.11) asymptotically as ¢ — 0 by
assuming the multiple scale expansion:

(o.¢]
VE= " Vit g, %, T ey (4.12)
n=0

To expand (4.11) in multiple scales we must replace % by % + %%. Thus Eq. (4.11)
becomes
ove 1 e 1 e 10V®
+ 50V + -FVV® 4 - =0, t<T, (4.13)
ar - &2 €

e 0t
Substitution of (4.12) into (4.13) yields a hierarchy of equations:

OVo =0 (4.14)
Vo
VIV

oV, + FVV + L 4+ 200 g (4.16)
0T ot

Taking into account the ergodicity of ¢, Eq. (4.14) implies that Vy does not depend
on ¢g. Taking the expectation of (4.15) the equation can be reduced to % = 0 which
shows that Vy does not depend on t and V; should satisfy:

oV =—-F(x,q,t).VW(t, x) (4.17)

We have assumed that ¢ is ergodic and satisfies the Fredholm alternative, so Q has
an inverse on the subspace of the functions that have mean zero with respect to the
invariant probability measure P. The right-hand side of Eq. (4.17) belongs to this
subspace, so we can solve this equation for Vi:

Vi(t,x,q,7) = -0 'F(x,q,7).VVo(t, x) (4.18)

where —Q~! = fooo dre'2. We now substitute (4.18) into (4.16) and take the expec-
tation with respect to [P and the averaging over a period in 7. We then see that V must
satisfy:

% +(E[F.V(=QT'F.VW]), =0

This is the solvability condition for (4.16) and it is the limit backward Kolmogorov
equation for the process X¢, which takes the form:

—t-i—oCVo:O
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with the limit infinitesimal generator:
0
L= / dt({E[F.V('CF.V]).
0

Using the probabilistic interpretation of the semigroup e’ € we can express o£ as (4.10).

5 Spreading of a pulse traveling through a random medium

We are interested in the following question: how the shape of a pulse has been modified
when it emerges from a randomly layered medium? This analysis takes place in the
general framework, based on separation of scales, introduced by G. Papanicolaou and
his co-authors (see for instance [7] for the one-dimensional case or [4] for the three-
dimensional case). We consider here the problem of acoustic propagation when the
incident pulse wavelength is long compared to the correlation length of the random
inhomogeneities but short compared to the size of the slab.

In this framework, it has already been proved in [4] that, when the random fluctu-
ations are weak, the O’Doherty—Anstey theory is valid, i.e. the traveling pulse retains
its shape up to a low spreading; furthermore, its shape is deterministic when observed
from the point of view of an observer traveling at the same random speed as the wave
while it is stochastic when the observer’s speed is the mean speed of the wave. Here
we do not assume the fluctuations to be small. The main result of this section consists
in a complete description of the asymptotic law of the emerging pulse: we prove a
limit theorem which shows that the pulse spreads in a deterministic way.

For simplicity we present the proof in the one-dimensional case with no macro-
scopic variations of the medium and the noise only appearing in the density of the
medium. We refer to [11] for the result for one-dimensional media with macroscopic
variations.

We consider an acoustic wave traveling in a one-dimensional random medium
located in the region 0 < x < L, satisfying the linear conservation laws:

ou ap
p(x)_(x’t)"’__(xst) =0

ot ax 5.1)
op ou .
E(X,f)-FK(X)a(XJ) =0

here u(x, t) and p(x, t) are respectively the speed and pressure of the wave, whereas
p(x) and k (x) are the density and bulk modulus of the medium. In our simplified model
we suppose that « (x) is constant equal to 1 and that p(x) = 1 + n(gx—z) where Tl(f—z)
is the rapidly varying random coefficient describing the inhomogeneities. Since these
coefficients are positive we suppose that || is less than a constant strictly less than 1.
Furthermore we assume that n(x) is stationary, centered and mixing enough. We
may think for instance that n(x) = f(X) where (X),>0 is the Ornstein—Uhlenbeck
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process and f is a smooth function from R to [—§, §], § < 1, satisfying f fO)py)dy
where p is the invariant probability density (4.8) of the Ornstein—Uhlenbeck process.
u (and p) satisfies the wave equation:

X
(1 +7 (8_2>) g — Uy = 0.

In order to precise our boundary conditions we introduce the right and left going waves
A =u+ pand B = u — p which satisfy the following system of equations:

(5= D) ) s(5) 62

The slab of medium we are considering is located in the region0 < x < Landatt =0
an incident pulse is generated at the interface x = 0 between the random medium and
the outside homogeneous medium. According to previous works [7] or [4] we choose
a pulse which is broad compared to the size of the random inhomogeneities but short
compared to the macroscopic scale of the medium. There is no wave entering the
medium at x = L (see Fig. 1).

AQO,t)=f (é) , B(L,t)=0 (5.3)

where f is a function whose Fourier transform f belongs to L' N L2.

AQO, 1) = f (é) VAN

e G e S I
—_—

B0,t) ~~~~
[

Y

0 L X

Figure 1. Spreading of a pulse

We are interested in the transmitted pulse A(L, t) around the arrival time t = L
and in the same scale as the entering pulse A (0, ¢); therefore the quantity of interest
is the windowed signal A(L, L + £0)5e(—00,00) Which will be given by the following
centered and rescaled quantities:

Af(x,0) = A(x,x +¢c0), B°(x,0)=B(x,—x +¢0). (5.4)

The solution of (5.2)+(5.3) takes place in an infinite-dimensional space because of the
variable 7. So we perform the scaled Fourier transforms:

A% (x, w) :feiw“Ag(x,U)da, Bt (x, ») :/ei“’“Bs(x,a)da.
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In the frequency domain, with the change of variables (5.4), Eq. (5.2) becomes:

d [ A¢ iw [x 1 e~ 20T A®
— | - =—nl— - x . 5.5
dx < B? ) 28n<82)( —eHer ] )( Bf ) >-)

with the boundary conditions At 0, w) = f (w) and B¢ (L, w) = 0. The linearity of
(5.5) enables us to replace these boundary conditions by:

A%(0,w) =1, B°(L,w)=0 (5.6)

and obtain the following representation for the transmitted pulse:
1 A A
A(L,L+¢0)=A°(L,0) = 7 / e ' f(w)A* (L, w)dw 6.7
T

where (A¢, Bf) is now the solution of problem (5.5)+(5.6).

The propagator matrix Y?(x, w) is the solution of equation (5.5) with the initial
condition Y*(0, w) = Id 2. The process (Ag (x, w), ég(x, w)) can be deduced from
(A’? O, w), ES(O, w)) through the identity:

Ae AE
A@ON _ye o (409 ). (5.8)
B?(x, w) B#(0, w)
The structure of the propagator matrix can be exhibited. If (czg , ES)T is a solution of
(5.5) with the initial condition a¢(0) = 1, b°(0) = 0, then ((b*)*, (a°)*)T is another

solution linearly independent from the previous one ' and we can thus write Y* (x, @)
as:

at(x,w) b (x, w)* ) (5.9)

bt x,w) a’(x,w)*

Yé(x,w) = (

The trace of the matrix appearing in the linear equation (5.5) being 0, we deduce that
the determinant of Y* (x, w) is constant and equal to 1 which implies that |a® (x, w) 12—
|l;8 (x, a))|2 = 1 for every x. Using (5.8) and (5.9) at x = L and boundary conditions
(5.6) we deduce that:

A 1 . b*(L,
AL, 0) = ————, BS(O,w)Z—A(—w)- (5.10)
at(L, w)* at(L, w)*
In particular we have the following relation of conservation of energy:
|A%(L, w)|* + | B0, »)|> = 1. (5.11)

Lemma 5.1. The transmitted pulse ((AS(L, a))_oo<g<oo)8>0 is a tight (i.e. weakly
compact) family in the space of continuous trajectories equipped with the sup norm.

Here the star * stands for complex conjugation
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Proof. We must show that, for any § > 0, there exists a compact subset K of the space
of continuous bounded functions such that:

supP(A®(L, -) e K) > 1-3.

e>0

On the one hand (5.11) yields that A®(L, o) is uniformly bounded by:

1 o
AL o) = 5 / @) doo.
T
On the other hand the modulus of continuity

M?(©®) = sup [A®(L,01) — A°(L, 02)|

lo1—02|<8
is bounded by
M*(5) < / sup |1 — exp(io(o1 — 02))|| f (@) dew
lo1—02|<8
which goes to zero as § goes to zero uniformly with respect to €. O

Moreover the finite-dimensional distributions will be characterized by the moments
E[A®(L, o1)P' ... A®(L, oy)P¥] (5.12)

for every real numbers o] < - -+ < o} and every integers pq, ..., Pk.
Let us first address the first moment. Using the representation (5.7) the expectation
of A%(L, o) reads:

1 . N A

E[A®(L,0)] = T/e_lwaf(w)E[As(L,w)]dw-
T

We fix some o and denote X{ = Re(@’(-,w)), X; = Im@°(-,w)), X5 =

Re(b®(-, w)) and X§ = Im(b°(-, w)). The R*-valued process X¢ satisfies the linear

differential equation

aX‘w _ 1, (n (;_2) ’ g) XE (). (5.13)

dx £

with the initial conditions X{(0) = 1 and Xjﬁ (0) =0if j' =2, 3,4, where

0 —1 sin(2wh) — cos(2wh)
_wn 1 0 cos(2wh)  sin(2wh)
Foln. ) = = sinQwh)  cos(Rwh) 0 1
—cosRwh) sin(Rwh) —1 0

Applying the approximation-diffusion Theorem 4.22, we get that X converges in dis-
tribution to a Markov diffusion process X characterized by an infinitesimal generator
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denoted by £L:
2

£ = Z a,j(X)axaax +Zb (X)

l]—

whose entries b; are all vanishing and

2 2 2
ow X:+ X
a11:—(X%+#),

4 2
2 2 2
ow , X3+ Xj
=— | X ——= ],
az 1 ( 1+ >

aw
aiy =ay = —— (—X1X7),

where

o= /0 E[n(0)(x)] dx.

The expectation ¢ (x) = E[(X1(x) —iX> (x))~!] satisfies the equation

d¢_£ _ aw? 0) — 1
P ¢——T¢, ¢0) =1.

The solution of this ODE is: ¢ (L) = exp(—asz/Z). The eAxpectation of A® (L, w)
thus converges to ¢ (L). By Lebesgue’s theorem (remember |A?| < 1) the expectation

of A*(L, o) converges to:

E[A®(L, 0)] <=3 % ¢ f(w) exp(—aw?L/2) do.

Let us now consider the general moment (5.12). Using the representation (5.7) for
each factor A?, these moments can be written as multiple integrals over n = Z}‘:l Dj

frequencies:
E[A®(L, o))" ... A°(L, op)P*]

(27T)n/ / (a) 1)6 le,laj

x E ]_[ AS(L, wj ) ]_[ dwj ;.
” 1=/

I/\I/\
I/\|/\

INIA

\/\I/\
\/\|/\
I =

J
1

V\l/\

The dependency in ¢ and in the randomness only appears through the quantity

E[A®(L, @) ... A5 (L, wp)].
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Our problem is now to find the limit, as ¢ goes to 0, of these moments for n distinct
frequencies. In other words we want to study the limit in distribution of

(AS(L, 1), ..., A5(L, w,))

which results once again from the application of a diffusion-approximation theorem.
We define the n-dimensional propagator

Yg(xaa)17a)27 . --’wn) = @jvz]ys(xﬂa)])

which satisfies an equation similar to (5.5) with Y*(x = 0, w) = Id c2n.

In order to be allowed to apply the diffusion-approximation theorem, we have to
take care to consider separately the real and imaginary parts of each coefficient a*
and b°, so that we actually deal with a system with 4n linear differential equations.
Denoting X§,,; = Re(@* (-, ), X§;,, = Im@* (., ), X, 5 = Re(t*(-, ;)

and ij+4 = Im(b*( -, wj)), j=1,...,n, the R*-valued process X° satisfies the
linear differential equation
dx¢ 1
@ _1p (n (i) , f) XE(x), (5.14)
dx ) g2/ ¢

with the initial conditions XijJrj,(O) =1ifj/ =1, Xij+j/(0) =0if j/ =2,3,4,
where

F(n.h) = @ Fu, (n, h).
Applying the approximation-diffusion theorem 4.22, we get that X¢ converges in dis-
tribution to a Markov diffusion process X characterized by an infinitesimal generator

denoted by L:

n

4 82
L= E E agivjairyjy(X)mo——Fo—
J4r+]
ii'=1j,j'=1 0Xai+j0Xair+y

2 2 2
_ 2o (o Xiigz T XG4
agivi4iv1 = —— [ Xgjo+ ——— ),

4 2
2 2 2
_ dw; X2 Xiig3 T Xiiga
a4i42,4i+2 = 7 | A+ + — 5 |
aw?
4i+1,4i+2 = a4i4+2,4i+1 = —— (—X4iy1X4i12) ,

4
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and fori # i/,

aw; Wi’

i1 4041 =~ (X4i42X4i42) ,
dw;wi’
A4i424i'2 = (X4iv1Xai11)
oAw; w;
Ai+1 41742 = Q4i'24i41 = — (—Xair2X4i41) -

The quantity of interest E[As(x, wi)... As(x, wy)] is denoted by ¢¢(x). An ap-
plication of the infinitesimal generator to the expectation

E[ﬁ(x4j+l - iX4j+2)_l]

j=1
gives the following equation for ¢ (x) = limg_.¢ ¢*(x):
dp(x) 2003 0F + o Y ke
dx 4

with the initial condition ¢(0) = 1. This linear equation has a unique solution but
instead of solving it and computing explicitly our moments one can easily see that it
is also satisfied by ¢(x) = E[ [T Alx, wk)] where

2
A(x, ®) = exp (i wax — %x)

¢ (x)

and (By) is a standard one-dimensional Brownian motion (By is a Gaussian random
variable with zero-mean and variance x). Therefope ¢ (AL) =¢ (L) and using (5.7) the
limit in law of A®(L, o) is equal to (ZJT)*1 fe_"‘"’f(a))A(L, w)dw. Interpreting
%& B;, as arandom phase and exp ( — “’4& ) as the Fourier transform of the centered
Gaussian density with variance % denoted by G oL’

1 o?
G%(o) = exp (——)

ol alL

we get the main result of this section:

Proposition 5.2. The process (A*(L, 0))oe(~c0.00) cOnverges in distribution in the
space of the continuous functions to (A(L, 0))ge(—o0,00)
- o
A(L,a):f*G% <a—§BL> (5.15)
which means that the initial pulse f spreads in a deterministic way through the con-
volution by a Gaussian density and a random Gaussian centering appears through
the Brownian motion By .
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A is what is called by physicists the “coherent part” of the wave. The energy of A
is non-random and given by:

Ecoh = f |f % GaLl* do.
If f(¢) is narrowband around a high-carrier frequency:
£ (1) = cos(wot) exp(—t28w?), dw < wy

then it is found that the coherent energy decays exponentially:

1 ( aa)%L )
1+ adw?l P 2(1 + adw?L)

oza)%L
>~ Eon(0)exp | — > .

We end this section by the following remarks:

éJcoh (L) = 8coh (0)

* The previous analysis has been done at L fixed. It is not difficult to generalize it
to the convergence in distribution of A°(L, o) as a process in o and L (see [11]
for details). The limit is again given by (5.15) which means that the random
centering of the spread pulse follows the trajectory of a Brownian motion as the
pulse travels into the medium.

* Inthe e-scale, the energy entering the medium at x = 0 is equal to f | f(0)|*do.
The energy exiting the medium at x = L, in a coherent way around time
t = L in the g-scale, is equal to [ | f G%(O’)Pdo’ which is strictly less than

f |f(a)|2da. We may ask the following question: do we have a part of the
missing energy exiting the medium in a coherent way somewhere else or at a
different time? In other words what is the limit in distribution of A(L, L + o +
eo) for 19 # 0 (energy exiting at x = L) or B(0, fp + €o) (energy reflected
at x = 0). A similar analysis shows that these two processes (in o) vanish as
e goes to 0 (see [11] for details). This means that there is no other coherent
energy in the e-scale exiting the slab [0, L].

6 Scattering of a monochromatic wave
by a random medium

This section is devoted to the propagation of monochromatic waves. This is a very
natural approach since any wave can be described as the superposition of such ele-
mentary wavetrains by Fourier transform. Let #°(x) be the amplitude at x € R of a
monochromatic wave u® (¢, x) = exp(—iw®t)u®(x) traveling in the one-dimensional



Scattering, spreading, and localization of an acoustic pulse by a random medium 105

medium described in Fig. 2. The medium is homogeneous outside the slab [0, L] and

the wave u® obeys the wave equation uf, — u% . = 0. Accordingly #° satisfies

i+ 0% =0
so that it has the form
45 (x) = '™ £ RfFe™I%  forx <0
and
0°(x) = T?e'”*  forx > L.

The complex-valued random variables R® and T¢ are the reflection and transmis-
sion coefficients, respectively. They depend on the particular realization of 1%, the
wavenumber w? and the slab width L.

Inside the slab [0, L] the perturbation is nonzero. It is the realization of a random,
stationary, ergodic, and zero-mean process 1n°. The dimensionless parameter & >
0 characterizes the scale of the fluctuations of the random medium as well as the
wavelength of the wave. We shall assume that:

X w
e =n(5), o =2
& &

which means that the correlation length of the medium ~ &2 is much smaller than the

wavelength ~ ¢ which is much smaller than the length of the medium ~ 1.
The scalar field #° satisfies, for x € [0, L]:

it 4 o2 (1 + n°(x)ia® = 0. 6.1)

The continuity of #° and #% at x = 0 and x = L implies that the solution #° satisfies
the two point boundary conditions:

iou® +ul =2io®atx =0, io°a®—ial=0atx=0L. (6.2)

N -
ez(wx w°t)

AU Tsei(wsxfa)st)
N B A
Rée™! wf x4t
[ VANV VAN
0 L "x

Figure 2. Scattering of a monochromatic pulse

The following statements hold true when the perturbation 7 is a stationary process
that has finite moments of all orders and is rapidly mixing. We may think for instance
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that n is a Markov, stationary, ergodic process on a compact space satisfying the
Fredholm alternative.

&

Proposition 6.1. There exists a length Ly

such that, with probability one,

1
lim —In|T¢*(L, w) = — 6.3
Jim 7107 P (L @) = = 7 (6.3)
This length can be expanded as powers of €:
1 aw? o°
—=—710(), « :=/ duE[n(0)n(u)]. (6.4)
Lloc 2 0
Proof. The study of the exponential behavior of the transmittivity |7°¢|> can be divided

into two steps. First the localization length is shown to be equal to the inverse of the
Lyapunov exponent associated to the random oscillator vy, + wsz(l +n°(x)v =0.
Second the expansion of the Lyapunov exponent of the random oscillator is computed.

We shall first transform the boundary value problem (6.1) and (6.2) into an initial
value problem. This step is similar to the analysis carried out in Section 5. Inside the
perturbed slab we expand # in the form

45 (x, w) = A% (x, )e' ™ + Bf (x, w)e ¥, (6.5)

where A¢ and B¢ are respectively the forward (going to the right) and backward (going
to the left) modes:

A\s — o +ﬁ)€c e—iw’sx és — i i — iz)sc eia)‘c'x
2i wf ’ 2iwf ’
The process (As, Eg) is solution of
d [ A¢ A®
E<1§5>=P€(x’w)<l§s>’ (6.6)
iwt 1 e—2iw8x
PP(x, w) = 7778()6) < _pliofx -1 )

i <x ) 1 20 6.7)
2 "\e2 —eiog -1 '

The boundary conditions (6.2) read in terms of A€ and B¢:
A%(0,w) =1, B°(L,w)=0. (6.8)

We introduce the propagator Y?, i.e. the fundamental matrix solution of the linear
system of differential equations: Y{ = P°Y?®, Y*(0) = Id 2. From symmetries in
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Eq. (6.6), Y? is of the form

~E I;s (x, w)*
Yo, w) = 4@ ’ : 6.9
oy = (G Pl ©9)
where (a®, l;a)T is solution of (6.6) with the initial conditions
a%(0,w) =1, b°(0,w) =0. (6.10)
The modes A and Bf can be expressed in terms of the propagator:
A%(x, ) . A%(0, )
N = Y®(x, N . 6.11
< B (x. ) ) O B0, ©1D

From the identity (6.11) applied for x = L and the boundary conditions (6.8) we can
deduce that

RY (L, 0) = —(b°/a*)* (L, w), TH(L,w) = (1/a°)"(L,®). (6.12)
The transmittivity |T€|% is equzil to 1/ |a€|2.(L, ). We introduce the slow process
VE(x, ®) 1= 4% (ex, )l ¥+ bE(ex, w)e 1Y It satisfies the equation

v§x+w2(1+n<§>)vs=0

with the initial condition v®*(0) = 1, v$(0) = —iw. Let us introduce the quantity
ré(x, o) := [vf|* + [ve |>/w?. A straightforward calculation shows that

re(x, w) = 1+ 2]a°)(ex, w).
By Eq. (6.12) we get a relation between ¢ and T°¢:
ré(x, w) = 14 2|T¢ (ex, w)| 2. (6.13)

If y°(w) denotes the Lyapunov exponent that governs the exponential growth of
ré(x, w):

& T l e
7 () —xlgroloxlnr (x, ®)

then Eq. (6.13) insures that |T¢(L, w)|? will decay as exp(—y®(w)L/¢e) as soon as
y¥(w) > 0. In Appendix A the existence of the Lyapunov exponent y¢(w) is proved,
and its expansion with respect to ¢ is derived. O

Note that « is a nonnegative real number since it is proportional to the power
spectral density of the stationary random process n (Wiener—Khintchine theorem [29,
p. 141]). The existence and positivity of the exponent 1/L} . can be obtained with
minimal hypotheses. Kotani [25] established that a sufficient condition is that 7 is a
stationary, ergodic process that is bounded with probability one and nondeterminis-
tic. The expansion of the localization length requires some more hypotheses about
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the mixing properties of 1. A discussion and sufficient hypotheses are proposed in
Appendix A.

Note also that the localization length of a monochromatic wave with frequency wo
is equal to the length that governs the exponential decay of the coherent transmitted
part of a narrowband pulse with carrier frequency wy.

Proposition 6.2. The square modulus of the transmission coefficient | T (L, w)|* con-
verges in distribution as a continuous process in L to the Markov process t(L, )
whose infinitesimal generator is:

1 2 1 d
Lo = Eaa)zrz(l — t)ﬁ — Eaa)z‘czg. (6.14)

Proof. The square modulus of the transmission coefficient 7¢ can be expressed in
terms of a random variable that is the solution of a Ricatti equation. Indeed, as a
byproduct of the proof of Proposition 6.1 we find that |T¢|> = 1 — |I'?|> where
I'‘(L, w) = I;E/&"g (L, ) and (4%, b*) are defined as the solutions of Egs. (6.6) and
(6.10). Differentiating b® /a* with respect to L yields that the coefficient I' satisfies
a closed-form nonlinear equation:
e .

re o <£> (ezmg P +e—2iw%F32>’ M (.0)=0. (6.15)

AL~ 22"\ &2

One then consider the process X¢ := (r¢, ¥¢) := (|I'?|2, arg(I"®)) which satisfies:

axe _1F( (L) . L)
g D =Fnlz) XD,

where F is defined by:

wrn ( 2sin(y — 2wl)(r3/* —r/?%) >

Far D=5 _o Z cos(w — 200 (-2 + r~112)

One then applies the diffusion-approximation Theorem 4.22 to the process (r¢, ¥¢)
which gives the result. O

In particular the expectation of the square modulus of the transmission coefficient
converges to T(L, w) := E[t(L, w)]:

2

(L. ) 4 ( aw2L> /oo 4 x2e™* 6.16)
T(L,w)= —=exp| —— X . .
VT 8 0 cosh(y/aw?L/2x)
This shows that
1 L>1  aw?
—Int(L, ~ —— 6.17
7 I (L, w) A (6.17)
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We get actually that, for any n € N*,

4 L1 cp(@) aw’L
E[t(L, w)"] = L’3/2 exp(— 2 )

By comparing Eq. (6.17) with Egs. (6.3) and (6.4) we can see that the exponential
behavior of the expectation of the transmittivity is different from the sample behavior
of the transmittivity.

This is a quite common phenomenon when studying systems driven by random
processes. We now give some heuristic arguments to complete the discussion. Let us
set (L) =2/(1 + p(L)). p is a Markov process with infinitesimal generator:

£=taw? = 0L fautpd
= —dw — — oaw —_—.
2 p 9p2 'Oap

Applying standard tools of stochastic analysis (Itd’s formula) we can represent the
process p as the solution of the stochastic differential equation:

dp = Jawy/p? — 1dBy, + aw’pdL, p(0) = 1.
The long-range behavior is imposed by the drift so that p > 1 and:
dp ~ Jawpd By + aw’pdL
which can be solved as:
p(L) ~ exp (VawB, + aw’L/2).

Please note that these identities are just heuristic! As L >> 1, with probability very
close to 1, we have By ~ /L which is negligible compared to L, so p(L) ~
exp (@w?L/2) and T(L) ~ exp (—aw?L/2) = exp(—L/Lioc).

But, if /awB; < —aw?L/2, then p < 1 and t ~ 1! This is a very rare
event, its probability is only P(y/awB; < —aw?L/2) = P(B; < —vaw?L/2) ~
exp(—oca)zL /8). But this set of rare events (= realizations of the random medium)
imposes the values of the moments of the transmission coefficient.

Thus the expectation of the transmittivity is imposed by exceptional realizations of
the medium. Apparently the “right” localization length is the “sample” one (6.4), in
the sense that it is the one that will be observed for a typical realization of the medium.
Actually we shall see that this holds true only for purely monochromatic waves.
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7 Scattering of a pulse by a random medium
We consider an incoming wave from the left:
1 2 ,
Uipe (7, X) = 27 / fH@)expi (wx — i) do, x <0, (7.1)
T

where f ¢ e L> N L' and contains frequencies of order ¢! (i.e. wavelengths of
order ¢):

) = v/ L[t
Fo@) = Vif(ew) f(t)_ﬁf(8>.

The amplitude of the incoming pulse is normalized so that its energy is independent
of :

e 2 1 e 2 1 2 2
Einc :=/|umc(t,0)l dt = > /If ()] dw=—/|f(w)| dw.
T 2

The total field in the region x < 0 thus consists of the superposition of the incoming
wave u . and the reflected wave:

1 A t
ube(t, x) = m / f(@)R®(w, L)expi <—a)§ — a)g) dow, x <0,

where R®(w, L) is the reflection coefficient for the frequency w/e. The field in the
region x > L consists only of the transmitted wave that is right going:

ug(t, x) = 2771—\/5 f Ff(@)T¢(w, L) expi (a)z — wé) dow, x>1L, (7.2)

where T¢(w, L) is the transmission coefficient for the frequency w/e. Inside the slab
the wave has the general form:

1 t
ub(t,x) = Z—/fts(w,x)exp (—iw—) do, 0<x<L,
T e

where i1¢ satisfies the reduced wave equation:
~g & ~g
Uy, +A+n"x)u” =0, 0<x<L.

The total transmitted energy is:

e _ e 2 _L r 2 e 2
7 (L)—fmtr(t, L di = 2n/|f(w)| 7% (0, L) do.
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M‘ignc(l‘7 x)
(A Y Va VeV ufr(t’ x)
A+ )y —uxy =0 | 7
ufef(t’ x)
(A VAV
0 L "y

Figure 3. Scattering of a pulse

We first compute the two frequency correlation function. The following lemma is
an extension of Proposition 6.2.
Lemma 7.1. Let wy = w — he® /2 and wy = w + he? /2.

1. Ifa = 0, then the square moduli of the transmission coefficients
(T (@1, D T (@2, D)

converge in distribution to (t(L, w —h/2), t(L, w+ h/2)) where T(L, w —h/2) and
t(L, w+ h/2) are two independent Markov processes whose infinitesimal generators
are respectively L, _p2 and L, p 2 defined by (6.14).

2. If a = 1, then the square moduli of the transmission coefficients
(T (@1, )P, 1T (@2, D)

converge in distribution to (t1(L), 12(L)) where (t1(L), 12(L), 0(L)) is the Markov
process whose infinitesimal generator is:

2

aw? 92 aw d aw? 92 aw? 0
=% 2 O w2 9 XY oy X2 O
- B e R R I P
82
+ aw? cos(@)V (1 — 1)1 — )11
dT101T)
3 22— (2-m1)? 2—1)2— 32
Lol e <( 1) +( ) 5 Q-m2—-1n) cos(9)>—2
a6 4 -1 l—n JA=1)(1 — 1) a6
2 2
aw® J/T—117112 — 10) . 9
0 7.3
q Tn 055 (7:3)
2 /1= 2— 92
n aw 02— 1) in®)

S
4 J1I—1 01200
starting from 11(0) = 1, 12(0) = 1, and 6(0) = 0.
Proof. The mostinteresting caseisa = 1, since this is the correct scaling that describes

the correlation of the transmission coefficients at two nearby frequencies. Let us
denote | T (w;, L)|* = 1 = |T'§|* for j = 1,2, where I'f (L) = b* /a* (wj, L). We then
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introduce the four-dimensional process

Co= (5, Y, 1S5, Ws) i= (T2, arg(T9), D512, arg(T5))

which satisfies
a’X‘E L . L
(L) )7 8_2 ) X (L), ;7 L )

where F' is defined by

2sin(Y — 20l — hL) ("> — ]1/2)1/2

on | —2—cos(yy — 20l — hL)(rl/z r?)
2 2sin(¥ — 20l + hL)(r3/2 — %

—2 — cos(¥r — 2wl + hL)(r”2 ;%)

Fm,ri, ¥, m, 92,1, L) =

Applying the diffusion-approximation theorem 4.22 to the process X? establishes that
X? converges to a non-homogeneous Markov process X = (r1, ¥, r2, ¥2) whose
infinitesimal generator (that depends on L) can be computed explicitly. By introducing
6 := 1 — o — 2R L it turns out that the process (ry, r2, ) is a homogeneous Markov
process whose infinitesimal generator is given by (7.3). O

This lemma shows that the transmission coefficients corresponding to two nearby
frequencies w; and w; are uncorrelated as soon as |w; — wy| > €. Once this result is
known, it is easy to derive the asymptotic behavior of the transmittivity corresponding
to the scattering of a pulse.

Proposition 7.2. The transmittivity T ¢ (L) converges in probability to T (L):

T(L) = — / |f(@)PF(L, w)do,
27

where T (L, w) is the asymptotic value (6.16) of the expectation of the square modulus
of the transmission coefficient T¢ (L, ).

Proof. Proposition 6.2 gives the limit value of the expectation of |T¢(L, w)|> for one
frequency w, so that

[”g(L)] —/If(w)l (L, w)dw.
Then one considers the second moment:
27 @?] = s [ [1F@PIF@PE[IT @ 0P (L. o) dods

The computation of this moment requires to study the two-frequency process
(IT¢(L, w)|, |T*(L, »")]) forw # . Applying Lemma 7.1 one finds that |T¢ (L, w)|
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and |T*(L, )| are asymptotically uncorrelated as soon as @ # @/, so that

E—>

0 1 A 9 A ias ) /
- m//lf(w)l |f(@)|"T(L, )T (L, &)

2
= (L/|f(w)2f(L,w)dw) ,
2w

which proves the convergence of 7¢(L) to 7 (L) in L2(P):

E[7¢(L)?]

E[ (T5(L) — T(1))* ] = B[75(L)2] — 2B[7*(L)]T (L) + T (L)> == 0.

By the Chebychev inequality this implies a convergence in probability:

E[(T4(L) — T(L)?] eo 0
82 g

For any 6 > 0, IP’(lTS(L) - T ()| > 8) <

Let us assume that the incoming wave is narrowband, that is to say that the spectral
content f is concentrated around the carrier wavenumber wg and has narrow bandwidth
(smaller than 1, but larger than ¢). Then 7 (L) decays exponentially with the width
of the slab as:

1 L>1 awé
—In7T(L) ¥~ ——
L@ 8

Note that this is the typical behavior of the expected value of the transmittivity of
a monochromatic wave with wavenumber wg. In the time domain the localization
process is self-averaging! This self-averaging is implied by the asymptotic decorrela-
tion of the transmission coefficients at different frequencies. Actually 7¢(w, L) and
T¢(w', L) are correlated only if |w — o'| < e.

We can now describe the energy content of the transmitted wave. It consists of a
coherent part described by the O’Doherty—Anstey theory, with coherent energy that
decays quickly as exp(—aa)gL /2). There is also an incoherent part in the transmitted
wave, whose energy decays as exp(—aa)%L /8). Thus the incoherent wave contains
most of the energy of the total transmitted wave in the regime oza)%L > 1. The
spectral content of the incoherent wave is also worth studying as it contains much
information [4].

Appendix A. The random harmonic oscillator

The random harmonic oscillator:

yn+(/c+on(£))y=0 A1)



114 Josselin Garnier

with n(¢) arandom process arises in many physical contexts such as solid state physics
[28, 17, 31], vibrations in mechanical and electrical circuits [34, 36], and wave propa-
gation in one-dimensional random media [23, 4]. The dimensionless parameter ¢ > 0
(resp. o) characterizes the correlation length (resp. the amplitude) of the random
fluctuations. The sample Lyapunov exponent governs the exponential growth of the
modulation:

1
G = lim —lnr@®), r@) =\/|y(t)I2+|yt(t)|2. (A.2)

Note that G could be random since 7 is random. So it should be relevant to study the
mean and fluctuations of the Lyapunov exponent. For this purpose we shall analyze
the normalized Lyapunov exponent which governs the exponential growth of the p-th
moment of the modulation:

Gp = lim L [r()P], (A3)

—00 pt

where [E stands for the expectation with respect to the distribution of the process 5. If
the process were deterministic, then we would have G, = G for every p. But due to
randomness this may not hold true since we can not invert the nonlinear power function
“| - |7” and the linear statistical averaging “IE [ - ]”. The random matrix products theory
applies to the problem (A.1). For instance let us assume that the random process 7 is
piecewise constant over intervals [#, n 4+ 1) and take random values on the successive
intervals. Under appropriate assumptions on the laws of the values taken by 7, it is
proved in Ref. [5, Theorem 4] that there exists an analytic function g(p) such that:

1
lim —InE[|r(®)|”] = g(p), (A4)
=00 t
1
tlim " Inr(t) = g'(0) almost surely, (A.5)
—00

Inr(t) —tg’(0) dist.

Ji

Moreover the convergence is uniform for r (+ = 0) with unit modulus, and the function
p +— g(p)/p is monotone increasing. This proves in particular that G = g’(0) is
non-random. In case of non-piecewise constant processes 7, various versions of the
above theorem exist which yield the same conclusion [18, 35, 6, 2]. Unfortunately the
expression of g(p) is very intricate, even for very simple random processes 1. In the
following sections we shall derive closed form expressions for the expansion of the
sample Lyapunov exponent with respect to a small parameter.

We shall assume in the following that the driving random process 7(t) is built
from a Markov process m(t) by a smooth bounded function n(¢) = c(m(t)). As a
consequence 1 may be non-Markovian itself.

N (0, g"(0)). (A.6)
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A.1 Small perturbations

We shall assume here that the perturbation is slow ¢ = 1, but weak 0 < 1. There
are two cases that should be distinguished: the case when x = ¢ and the case when
k = 1. Introducing polar coordinates (r(z), ¥ (¢)) as y(t) = r(t)cos(¥(¢)) and
v (t) = r(t) sin(y (¢)) the system (A.1) is equivalent to

r(t) = roexp (/0[ q (¥ (s), m(s)) dS) ; (A7)
Vi () = h(y (1), m(1)), (A.8)
with g (Y, m) = qo(¥) + 0q1 (¥, m) and h(Y, m) = ho(Y¥) + oh1 (Y, m):
q0(¥) =0,  qi1(,m) = —c(m) sin(yr) cos(¥),
ho(¥) = =1, hi(¥, m) = —c(m) cos* ()

ifk =

qo(¥) =0, qi1(,m) = —c(m) sin(y) cos(),
ho(¥) =0, hi(y, m) = —1 — c(m) cos* ().

Let us assume that the process m is an ergodic Markov process with infinitesimal
generator Q on a manifold M with invariant probability 7 (dm). From Eq. (A.8) (¢, m)
is a Markov process on the state space S! x M where S' denotes the circumference of
the unit circle with infinitesimal generator: £ = Q + h(y, m)% and with invariant
measure p(y, m)dyrm(dm) where p can be obtained as the solution of L*p = 0.
According to the theorem of Crauel [ 12] the long-time behavior of  (¢) can be expressed
in terms of the Lyapunov exponent G which is given by

ifk =0

G = / q(Y, m)p(Y, m)dyrm(dm). (A.9)
SIxM

This result and the following ones hold true in particular under condition H/ [32] or
H2 [3]:

Hi M is a finite set and Q is a finite-dimensional matrix which
generates a continuous parameter irreducible, time-reversible
Markov chain.

H2 M is a compact manifold. Q is a self-adjoint elliptic diffusion
operator on M with zero an isolated, simple eigenvalue.

We have considered simple situations where Q* = Q. Note that the result can be
greatly generalized. For instance one can also work with the class of the ¢-mixing
processes with ¢ € L'/? (see [27, pp. 82-83]). The Lyapunov exponent G can be
estimated in case of small noise using the technique introduced by Pinsky [32] under
HI and Arnold et al. [3] under H2. In the following we assume H2. The invariant
probability measure is then simply the uniform distribution over M.
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We shall assume from now on that o < 1 and we look for an expansion of G with
respect to o < 1. The strategy follows closely the one developed in Ref. [3]. We first
divide the generator £ into the sum £ = Loy + o L] with

0 0
Lo= 0 +h0(1ﬂ)@, L1 =hi (Y, m)w-

As shown in [3] the probability density j can be expanded as p = po+0 p1 +02ps+

- where po, p1, and p; satisfy L5po = 0 and Lp1 + L] po =0, Lip2 + L1 p1 =
0, ... For once the expansion of p is known, it can be used in (A.9) to give the
expansion of G at order 2 with respect to o'

G = /gl M(qoﬁo+o(q1150+q0131)+g2(q1151+q0152))(1//, m)dy(dm)+ 0(c>).
(A.10)

If «k = 0. po satisfies Q*pp = 0. Thus py is the density of the uniform density on
S!' x M: pp = (27)~L. For p; we have the equation Q* p; = —L7po = dy (h1po).
Since Q = Q* this equation is of Poisson type Q p1 = 9y (h1 po). Note that dy (h1 po)
has zero-mean with respect to the invariant probability 7 (dm) of Q, so the Poisson
equation admits a solution p;. Let p(0, mo; 1, m) be the transition probability density
of the process m(¢). It is defined by the equation ‘;—Ft’ = Q*p, p(0,mp;t =0,m) =
8(m — mop). In terms of p we can solve the equation for p; to obtain

_ 1 [
p1(¥, mo) = —2—/ dt/ dyh1 (Y, m)p(0, mo; t, m)m (dm).
T Jo M
Hence

G =0 / 0151 (9, mo)dy (dmo) + O(o)
SIxM

2 )
o
=—5= dlﬂ/ ﬂ(dmo)/ ﬂ(dm)/ dtqi (Y, mo)dy h1 (Y, m)p(0, mo; t, m)
21 Jsi i M 0
+0(?).
Taking into account that the autocorrelation function reads

E[m(o)m(t)]=/Mﬂ(dmo)/Mﬂ(dM)C(m)C(mo)p(O,rno;t,m),

this can be simplified to give G = o?ap/4 with

o0

o = /0 dsE[cm(0))c(m(s))] = /0 SEORE]. (ALl

If k = 1. Since hy is constant = —1, py is the uniform density on S! x M: py =
(27)~!. Further p, satisfies Lip1 = —L]po = dy (h1 po). Note that dy (h1 po) has
zero-mean with respect to the invariant probability por (dm)dyr of L, so the Poisson
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equation admits a solution p;. In terms of the transition probability p it is given by
- L[>
Py, m) = ——/ dt/ dyh1 (Y + 1) p(0, mo; 1, m)m(dm).
21 0 M

Substituting into (A.10) we obtain that G = o2ay /4 + 0(c?), where a; is nonneg-
ative and proportional to the power spectral density of the process m evaluated at
2-frequency:

o0

o :/00 ds cos(2s)E[c(m(0))c(m(s))] =/ ds cos2)E[n(0)n(s)]. (A.12)
0 0

A.2 Fast perturbations

We consider the random harmonic oscillator:

i + <1+n(£))y=0 (A.13)

Proposition A.1. The Lyapunov exponent of the harmonic oscillator (A.13) can be
expanded as powers of €:

ea)zao

G=""10(@>.
2 + 0(&%)

Proof. We introduce the rescaled process y(¢) := y(et) that satisfies
Vi + @?2 (14 n(0)y =0.

Applying the above results establishes that the Lyapunov exponent of y is G =
e2w?ap /4 + O(e?) which gives the desired result. O

Appendix B. Diffusion-approximation

In this appendix we give the scheme for the rigorous proof of the diffusion approx-
imation stated in Proposition 4.22. We first consider a simple case without periodic
modulation.

Proposition B.1. Let us consider the system
dXxe
dt

1 € ! £ d
(t)=-F (X (t),CI(—Z)>, X°(0) = xp € R".
& &

Assume that q is a Markov, stationary, ergodic process on a compact space with
generator Q, satisfying the Fredholm alternative. F satisfies the centering condition:
E[F(x, q(0))] = 0 where E[ - | denotes the expectation with respect to the invariant
probability measure of q. Instead of technical sharp conditions, assume also that F
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is smooth and has bounded partial derivatives in x. Then the continuous processes
(X?(1))1>0 converge in distribution to the Markov diffusion process X with generator

°Cf(x)=/0 dulE[F(x,q(0)).V (F(x,q)).Vf(x)].

Proof. For an extended version of the proof and sharp conditions we refer to [27, 19].
The process X¢(-) := (X(-), q(- /82)) is Markov with generator

. 1 1
L=—=50+-F(x,q).V.
€ €

This implies that, for any smooth function f, the process f(X¢(r)) — f(X(s)) —
fst £ f(X®(u))du is a martingale. The proof consists in demonstrating the conver-
gence of the corresponding martingale problems. It is based on the so-called perturbed
test function method.

Step 1. Perturbed test function method. ¥ f € C;°, ¥ K compact subset of R?, there
exists a family f¢ such that:

—0 —0
sup |fE(x, @)= f(0)] == 0, sup |£L5fE(x,q)—Lf(x)] — 0. (B.1)
xekK,q xeK,q

Define f°(x,q) = f(x) +efi1(x,q) + szfz(x, q). Applying £? to f¢, one gets

1
LSO = z (Qfi + F(x, ).V f(x) +(Qf2+ F.V fi(x, 9)) + O(e).

One then defines the corrections f; as follows:
1. filx,q)=— Q_1 (F(x,q).V f(x)). This function is well-defined since Q has

an inverse on the subspace of centered functions (Fredholm alternative). It also admits
the representation

fikx,q) = /0 dulE[F(x, q(u)).V f(x) | ¢(0) = q].

2. falx,q) = —Q_1 (F.V fi(x,q) — E[F.V fi(x, g(0))]) is well-defined since
the argument of Q! has zero-mean. It thus remains: £° ¢ = E[F.V fi(x, ¢(0))] +
O (g) which proves (B.1).

Step 2. Convergence of martingale problems. One first establishes the tightness of the
process X in the space of the cad-lag functions equipped with the Skorohod topology
by checking a standard criterion (see [27, Section 3.3]). Second one considers a

subsequence ¢, — 0 such that X*» — X. Onetakest; < --- <, < s < t and
hl,...,hn E(‘?goi

E [(fs (Xs(z), q (;—2)) — [(X°(s). q (;—2))

- /t £ (XE(”)’ 1 (gu_z» d”) h (X)) - hn(X'f(tn»} ~0.
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Taking the limit ¢, — 0 yields

t
IE[(f(X(t))—f(X(S))—f on(X(u))du)hl(X(tl))---hn(X(tn))] =0

N

which shows that X is solution of the martingale problem associated to J£. This
problem is well-posed (in the sense that it has a unique solution), which proves the
result. O

Proposition B.2. Let us consider the system

axe
dt

1 e t t o d
H=-F(X (t),q(—z),— , X°(0) =xp € R%.
e e e

We assume the same hypotheses as in Proposition B.1. We assume also that F (x, q, T)
is periodic with respect to T with period Ty and F satisfies the centering condition:
E[F(x,q(0), )] = O for all x and t. Then the continuous processes (X®(t));>0
converge in distribution to the Markov diffusion process X with generator

o
Lfx)= /0 du (E[F(x,q(0), ).V (F(x,q), )V f(x)]), .
where (- ), stands for an averaging over a period in .
Proof. The proof is similar to the one of Proposition B.1. The key consists in building

a suitable family of perturbed functions from a given test function.
Vf e X,V K compact subset of RY, there exists a family f¢ such that:

sup [ f5(x.q. D=F )] == 0, sup |L5f5 (. q. )~LI)] > 0.
xekK.q,t xeK.q,t
(B.2)

Let us introduce t(¢) := t mod Tp. The process Xe(-) = (X4(+), q(- /82), (- /¢g))
is Markov with generator

R 1 1 10
L =—2Q+—F(x,q).V+——.
£ £ e 0T

Let f € Cp. We define fi = fi1 + f12 where f1; is the same term as in the absence
of a phase:

fii(x, g, 1) = —Q N (F(x,q, 7).V f(x))

while f12 does not depend on g so that Q f1, = 0:

Ji2x, 1) = —/0 (ELF (x, (0),5).V fi1(x, q(0), )] = f1(x)) ds
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where fl (x) = Tio OTO E[F(x, g0),u).V f11(x, q(0), u)]du. Note that fi, is uni-
formly bounded because of the correction fi. We finally define

0
frx.q.1)=-0Q" (F(x, q. 7).V fi(x.q.7) + %(x,q, 7)
0
—E[F(x.q(0). 7).V fi(x,q(0), 7)] — E [%@, 4(0), r)D .

Now we set

fEng.0) = ) +efitr,q. 1) + 2 folx.q. 7).
Applying the infinitesimal generator £L° we get

)
LEfO(x, g, 1) =E[F(x,q(0), 7).V fi(x,q(0), D]+ E [G—J:(xv q(0), T)} + O(e)

which simplifies into

LEfE(x,q, 1) = fi(x) + O(e). O

We refer to [19] for other multi-scaled versions of these propositions.
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1 Introduction and motivation

The terms Inverse Problems and Parameter ldentification can be considered synony-
mous, although the latter is probably less absconse to the non specialist. Both refer to
situations in which a certain quantity, represented by a parameter or a coefficient, is to
be determined via an indirect measurement, that is via the measurement or determina-
tion of a function, parameter or coefficient, which depends on the desired parameter
in a more or less complicated way. A simple, elementary, example is when one de-
termines the height of an inaccessible tower via the measurement of various angles
and sides of appropriate triangulations (elementary Euclidian geometry establishes
relations between the length of the sides and angles of a triangle). Another example,
mathematically more involved, is when one knocks on a closed container, supposedly
containing a liquid, in order to determine to what extent is it full or empty. In this case
the frequencies of the resulting sound depend on the volume of the liquid or that of the
air, and in a way or another by hearing the main frequencies of the resulting sound one
is able to guess the height of the liquid. This is related to inverse spectral problems,
where one wishes to recover some information about the coefficients of certain elliptic
operators through information on the eigenvalues and some other measurements on
the boundary of the eigenfunctions.

Another physical example in which determination of coefficients of an elliptic
operator is of importance, is the following. Consider a domain €2 representing an
inhomogeneous conducting body, with electric conductivity a(x) at x € Q. If one
assumes that this body undergoes a known electric potential (o) at o € 92, the
boundary of €2, then the electric potential u(x) in 2 satisfies the elliptic equation:

—div(a(x)Vu(x)) =0 in

(1.1)
u(o) =¢(o) on 0L2.

In this setting the (local) intensity of the current is represented by

a(o)ou(o)/on(o),
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and the total electric power necessary to maintain the potential ¢ on the boundary 92
will be

0u@) = /Q AV dox.

Now the question is the following: what can be deduced about the conductivity a(x)
of the body, if one knows these physical data? (The electric conductivity is the inverse
of the electric resistance). This question arises for instance when one wishes to obtain
some information about the material constituents of the body, without destructive
testings.

Note that, as a matter of fact, in the above problem the electric power Q,(¢) is
a redundant information, as it is entirely determined by the potential and the current
on the boundary: indeed if one multiplies equation (1.1) by u, after an integration by
parts (i.e. using Green’s formula) one gets:

/ 5 / du(o)

a(x)|Vu(x)|“dx = a(c)——y(o)do.

Q Blo} on(o)

Therefore we can restrict our attention to the problem in which a known potential ¢
and current adu /dn on the boundary are given, and we wish to give some information
on the function a. By inspection of a few physical examples, one is convinced that
knowledge of a single set of data, that is one given pair of potential and current, in
general would not be enough information to determine a(x) in 2. Therefore, we
may give a new version of the above question, which is mathematically more precise:
can one determine uniquely the conductivity a(x) if for all ¢ (in a certain functional
space) one knows the current adu/dn, where u satisfies (1.1)? Indeed, if any such
space of ¢’s exists, one may also ask what is the minimal space which permits this
determination (note that since the mapping ¢ +— adu/dn is linear, we may restrict
our attention to a basis (¢;);ey of that space).

There exist numerous practical situations in which an identification problem may be
reduced to the determination of the coefficients of an elliptic operator. For instance the
case of a homogeneous body filling a domain €2 in which some small inhomogeneities
located in w C 2 are included, can be modeled by saying that the conductivity a
satisfies a(x) := ap, a known positive constant, when x is in the homogeneous part
Q \ w of the medium, and a(x) := a;, an unknown positive constant, when x € w.
In this case the mathematical problem would be the determination of the function a,
which amounts to the determination of both the unknown positive constant a; and the
position and shape of the subdomain @ containing the inhomogeneities.

These questions, aside being interesting in their own right, both from a mathemat-
ical point of view and in many physical applications, are of deep importance in many
other problems (inverse scattering problems, inverse spectral problems, thermography,
tomography, etc.). Later on we shall give more details in this respect.

Remark 1.1. When 2 is a bounded interval of R, say 2 = (0, £), the above problem
has a quite simple answer: it is not possible to determine the conductivity a(x) by
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measuring potentials and currents at the endpoints of the interval. From a physical
point of view this is due to the fact that different conductivities in the body, represented
by the interval (0, £), may lead to the same observed potential and current at the
endpoints. The only information one may get is the average resistance, that is an
equivalent homogeneous resistance one may put between the endpoints of the interval
in order to obtain a given potential and current passing through the conductor. Indeed
for j =0and j = 1 consider u; solution of

—(a@u;(x) =0, u;j©)=1—j, uj¥)=].

Then it is clear that if we denote by M (a) the harmonic mean value of a, i.e.
wo=([ )

a) = —_—

o a(s)

uo(x) = 1 — M(a) /xa(s)lds, ui(x) = M(a) /xa(s)lds.
0 0

-1

then we have

Now if one solves —(a(x)u’(x))’ = 0 with #(0) = o and u(¢) = B, one has u(x) =
aug(x) + Bui(x), and the intensity of the current at the endpoints will be given by

a(0)u’'(0) = a(®u'(¢) = (B — )M (a).

From this it is clear that the only information we might obtain is the value of M (a),
provided one applies a potential at the endpoints such that 8 — o # 0. 0

In the following sections we address the problem of determining the coefficient a,
as well as some related questions regarding elliptic operators.

These notes have their origin in a series of lectures given at the Universidade
Federal do Rio de Janeiro in Rio de Janeiro, Brazil and at Université Louis Pasteur
in Strasbourg, France. I am indebted to my friends and colleagues Rolci Cipolatti,
Flavio Dickstein and Nilson Costa Roberty in Rio de Janeiro, Bopeng Rao and Eric
Sonnendrucker in Strasbourg, for both having me given the opportunity to give these
lectures and having encouraged me to write these notes.

2 Some basic facts about linear elliptic equations

In this section we gather a few results concerning solutions of elliptic equations which
should be well known before studying the related inverse problems.

In what follows we assume that & c R¥ is a bounded Lipschitz domain, and that
N > 2; we shall denote the usual norm of L2($2) by || - ||2. For more details on any of
the results sketched in this section the reader may refer to one of the classics on elliptic
partial differential equations or D. Gilbarg and N. S. Trudinger [17], J. L. Lions [29],
G. Stampacchia [37] or O. A. LadyZenskaja and N. N. Ural’ceva [27].
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Thanks to the trace inequality (here we denote yo(u) = u|,,):
3c>0 vue '@ [ puePdo < cvul} + lutd.
Q

since C1(Q) is dense in H! (), the trace operator 3y may be extended to H 1(©) and
by definition H 12(3Q) := vo(H 1(©)). The Sobolev space H 1(©) will be equipped
with the scalar product

@lv) gy = / Vu(x) - Vu(x)dx —|—/ u(o)v(o)do,
Q 02
and, the associated norm ||u|| 1 := 1/2; i 2 2y1/2
, gl o= (ulu)HI is equivalenttou — ([|Vull5+lull3)"/<,
the usual norm of H'().
In this setting HO1 (€2) is the kernel of yp and the norm on HO1 (2) will be u +—
IVull2. The orthogonal space of HO1 (£2) is the space of harmonic functions on €2:

Ho(A) := v e H'(Q); Av=0in H'(Q)}.

Since by definition H'(Q) = Ho(A) & Hy (), any u € H'(Q) has the unique
decomposition u = 1 4+ uo where v € Hp(A) and ug € HO1 (£2). This decomposition
is characterized by the fact that ¢ and ug satisfy respectively

Ay =0 in
Yv—u=0 onaf2,
and

—Aug=—Au in
up =20 on 0%2.

In particular since || || g1 < |lu|| g1, we have the following result:
Lemma 2.1. For any ¢ € H'/2(9Q) there exists a unique € H'(Q) such that

Ay =0 in Q
v=9 on 90%2.

Moreover for some positive constants cg, c| depending on <2, we have
collellgirpe < 1 lm < cillelgrog-
We shall denote by A,q the set of admissible coefficients
Aag = {a e L*™°(Q); Je¢ > O such thata > gy a.e. on Q} ) 2.1
For g € L*°(2) and a € Ayq we denote by L, 4 the elliptic operator

Ly gqu = —div(aVu) + qu, 2.2)
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which on the domain
D(Lag) = {u € Hy (Q); —div(aVu) +qu € L*(Q)} (2.3)

is a self-adjoint operator acting on L?(2) (see for instance [23], chapitre 1, § 9). The
operator (Lg,4, D(Lq4,4)) has a compact resolvent, more precisely there exists A, € R
such that for all A > A,, the resolvent operator

O+ Lag)™ ' LH(Q) — LA(Q)

is compact and, as a matter of fact, the image R((A1 + La,q)’l) is precisely D(Lg,g4).
As a consequence, L, , has a nondecreasing sequence of eigenvalues (A)r>1,
each being of finite multiplicity, and eigenfunctions (¢ )i>1:

Lagok = Mok, ¢k € D(Layg), / ok (X)) (x) dx = §},
Q

where S,i stands for the Kronecker symbol. The first eigenvalue A1 is simple, A1 < Az,

and one may choose the corresponding eigenfunction ¢; so that ¢; > 0 in Q. Also

each eigenfunction ¢y is Lipschitz continuous in €, that is it belongs to W1>°(Q).
We shall denote by N (L, 4) the kernel of (Lg 4, D(Lg,4)) and

H| = @ Rey and Hj := @ Ry,
M <0 A >0

so that the space L2(£2) has the orthogonal decomposition
L*(Q) = H ® N(La ) © Hy.

(Note that N(L,,4) # {0} only if zero is an eigenvalue). Any u € L*(Q) hasa unique
decomposition u = uo+uy +up withu; € Hj for j = 1,2and ug € N(Lg4,4), which
are orthogonal projections of u on the corresponding subspaces. In particular since
H; and N(L,,4) are finite dimensional spaces spanned by eigenfunctions of L, 4,
one sees that Hy @ N(L,4) C D(Lg4,4) and so the projections uo and u; belong to
D(L,,4). Therefore when u € HO] (€2) the above decomposition yields that we have
uz € Hy ().

Under the assumption that N(Ly 4) = {0}, for any given f € H~1(Q), one can
solve the problem

2.4)

—div(aVu) +qu = f in HY(Q)
u=~0 on 9£2

by a variational method. Namely, for v € HO1 (£2) setting

J(v) = %/gamwv(x)ﬁdw%/quw(xnzdx —/Qf(x)v(x)dx,
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there exists a unique u € HO1 (£2) such that u = uy + up, withu; € H; and

J(u) = min max J(vi + v2), 2.5)
vweHNH} (Q) vi€H!

in other words (u1,u2) € H; x (Hy N HO1 (€2)) is the unique saddle point of the
concave-convex function (vy, v2) — J(v; + v2) (see for instance [23], chapitre 3,
§ 4). Moreover if we denote by B := B, 4 : H Q) — HOl (2) the mapping
f +— u, we have

1 .
lull g @) = 1Bf g @) = w0 I fIlz-1(), where ag :=min {[Ac]; &k = 1}.

In the particular case of an operator L, , which is coercive, that is A1 > 0, the
functional J is strictly convex on HO1 (£2) and the above resolution of equation (2.4) is
equivalent to using Lax—Milgram theorem (see for instance J. L. Lions [29], J. L. Lions
and E. Magenes [30], K. Yosida [41]).

When zero is an eigenvalue of (Ly 4, D(Lg,q)), thatis N(Lg 4) # {0}, since L, 4
is selfadjoint and R(Ly ) = N(La,q)J- = Hj & H;, equation (2.4) has a solution
if and only if f is orthogonal to N(L, ) (this is a consequence of the Fredholm
alternative; here R(L, ) denotes the range of the operator L, 4). In this case, provided
f € HH ® Hy = R(Ly4), one may prove easily that (2.4) has a unique solution
ue H & (H N HO1 (£2)), and u is characterized by the equation (2.5). This means
thatu € N(Lq,q)* and that

1 :
lell g (@) = % I flg-1(q), Wwhere ag :=min{|Ac]; k> 1, Ak #0}.

(However note that u + ¢ is a solution of (2.4) for any ¢ € N(Lg,4)).
Closely related to equation (2.4) is the equation

—div@aVu) +qu =0 in H(Q)

2.6
u=gqe on 39, ( )

for a given ¢ € H'2(3Q). Choosing a ¥ € H'(Q) such that ¥ = ¢ on 9Q (for
instance v given by Lemma 2.1), the above equation is reduced to (2.4), upon setting
u =: v+ ¢ and seeking v € Hol (€2) which solves

—div(aVv) 4+ qu = div(aVy) — gy in H1(Q), v e Hj (). (2.7)

This equation has a unique solution when N (L 4) = {0}, for any given ¢ € H Q)
and since |V || g1(q) =< cll@llmizpa)-

1 c
u < — ||div(aVyr) — _ < — DO
lell g (@) = ” Idiv(aVy) — q¥llg-1q) < ” el a120)



Lectures on parameter identification 131

where we use the fact that llg [l ;1) < clg¥llz < cll¥ g < cllelmropns
and that

ldiv(aV)ll g-1(q) = sup :_/ avy - Vwdx; w € Hy (), il @ = 1}
Q

< llalloc ¥l 51y < cllella12pq)-

When N(L,,4) # {0}, according to our above analysis, equation (2.7) has a solu-
tion if and only if the right hand side is orthogonal to the kernel N (L, 4), that is if for
all o9 € N(L4,4) one has:

/ a(a)a(pO(G)W(a)dcr:/ aVW.Vgaodx—i-/ qWeodx = 0.
a0 on(o) Q Q

Since the kernel N (L, ) is finite dimensional, this means that equation (2.6) has a
unique solution if and only if ¢ € H'/?(9Q) is orthogonal to the finite dimensional
space

0
span {aﬂ; Qo € N(La,q)} .
on

Actually this space and N (L, 4) have the same dimension, at least when the coeffi-
cient a and the boundary 9€2 are smooth enough so that, by some unique continua-
tion theorems one may assert that the conditions —div(aVw) + gw = 0 in Q and
w = adw/on = 0 on 92 imply w = 0 (for results concerning unique continua-
tion theorems see for instance V. Adolfsson and L. Escauriaza [2] or N. Garofalo and
F. H. Lin [15]),).

In order to solve more general non homogeneous boundary value problems, that is
equations such as (2.4) where the second condition is replaced with cu + du/dn = ¢
on 9€2, the following result concerning existence of a normal trace is useful.

Lemma 2.2. Let Q@ C RY be a bounded Lipschitz domain. There exists a constant
c1 > Osuch thatif F € (L2 Q)N satisfies div(F) € L2(2), then F - n can be defined
as an element of H'20Q) and:

IF - nllg-12q) < c1(lFll2 + div(F)])2).

Proof. Assume that F € W!°°(). Then, using an integration by parts, for any
¥ € H'(Q) we have

/ V(o) F(o)-n(o)do =/ F(x) -V (x)dx +/ div(F(x)) ¥ (x)dx.
o Q Q

Therefore, denoting the left hand side of the above identity as (F - n, yo()), with the
brackets (-,-) meaning the duality between H71203Q) and HY?(Q)
and yo : H'(Q) — H'2(3Q) being the trace operator, we have:

I(F -, yo(Y)D) < IF 1120V ll2 + Idiv(E) 2l (]2
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For a given ¢ € H'2(39) we may choose ¥ € H'(Q) as in Lemma 2.1 such that
¥ = ¢ on 9€2, which satisfies ||| ;1 < cill@llg1/2(5q). for a constant ¢; depending
only on 2. Hence

KF-n,0)| < ci(IFll2 + Idiv(F) 12 el g1209)

This means that
IF -nrllg-1200) < cr(lFll2 + [|div(F)]l2). (2.8)

When F is no longer in W1*°(), using a density argument (see the classical books
on Sobolev spaces, for instance R.A. Adams [1] or V.G. Maz’ja [31]) one can find a
sequence (Fy)x of W12°(Q) such that

Fy — F in (L2 (Q)"Y, div(Fy) — div(F) in L*().

Inequality (2.8) shows that (Fy - n)y is a Cauchy sequence in H~'/2(3Q2) whose limit,
which is independent of the particular choice of the sequence (F)x, will be denoted
by F - n. The lemma is proved. O

One of the consequences of this lemma is that whenever u € H 1(Q) satisfies
—div(aVu) +qu =0 in 2, u=¢ong,
since aVu € (L*(Q))" and div(aVu) € L*(Q), we have

d
e e H2(3Q).
on
Hence we can consider the mapping

v on
as a linear continuous operator from H 172(32) into H~Y2(32). This operator, de-
noted by A, 4, is the Poincaré-Steklov operator which we will study in the next
sections.
We recall here the following local regularity result concerning solutions of ellip-
tic boundary value problems (see for instance D. Gilbarg and N. S. Trudinger [17],
G. Stampacchia [37]).

Proposition 2.3. Let Q be a Lipschitz domain, o0 € 02 and R, > 0 be such that
dQ2N B(oy, Ry) is of class CY1 whilea € Aqg "W (B(0y, Ry) NQ). Assume that
@ has its support in B(oy, Ry) N 92 and ¢ € H3/?(B(oy, Ry) N Q). Ifu € H (Q)
satisfies

—div(aVu) +qu=f inQ
u=gq on 982



Lectures on parameter identification 133
where f € L*(Q), then
2 du 172
u € H(Q N B(ox, Ry)), aa— € H/*(B(ox, Rx) N0).
n

Also there exists a positive constant c| depending only on 2 and R, and on the
coefficients a, q, such that

||u||H2(gsz(g*,R*)) <c(lfll2+ ||§0||H3/2(QQB(U*,R*)))-

This regularity result may be used to prove existence of solutions to equations such
as (2.6) when ¢ is not anymore in H'72(3), for instance when Q€ H™'2(3Q).
Indeed in this case one has to interpret the equation not in H~!'(£2), but rather in the
distributions sense, because the solution # would not be anymore in H 1(©) and so
the term div(aVu) would make sense only in D’(€2). For simplicity and clarity of
exposition we shall consider only the case of two coefficients a, g suchthat N (L, 4) =
{0}, and we shall assume global regularity assumptions on €2 and a. However one may
prove analogous local results when zero is an eigenvalue of (L, 4, D(Lg 4)) or when
2 and a have only local regularity properties. In the particular case @ = 1 and g = 0,
a different proof of the following lemma may be found in J.L. Lions [29], chapitre
VII, § 5.

Lemma 2.4. Let Q@ € RN be a bounded C"' domain, a € A N W-(Q) and
q € L°°(R) be such that N(L4) = {0}. Then for a given ¢ € H2(3Q), there
exists a unique u € L2(2) such that div(aVu) € L*(Q) and

—div(aVu) +qu =0 in L*(Q)
u=g in H-12(39).

Moreover there exist two positive constants cy, ¢z depending only on 2 and the coef-
ficients a, q such that

IdiviaVi)ll2 + lullz < i@l g-120),
and adu/dn € H3/%(dQ) satisfies

H ou
a—
on

= c2llellg-12g)-
H-32(3Q)

Proof. Assume first that ¢ € H 1/2(32). Then there exists a unique u € H () such
that u = ¢ on the boundary 92 and

—div(aVu) + qu = 0. 2.9)
Now let v € HO1 (€2) solve

—div(@aVv) +gqv=u inQ2, v=0o0n d22. (2.10)
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According to Proposition 2.3 we know that v € H2(£2) and that

H v
a4 —
on

Upon multiplying equation (2.10) by u and integrating by parts we see that since:

= clvllpzg) = cllul. (2.11)
H2(5Q)

/ (@aVv-Vu+quv) dx =0
Q

(because v € HO1 (2) and u satisfies the homogeneous equation (2.9) in €2), we have:

5 ov(o)
/ u(x) dx:—/ a u(a)da-i—/ (aVv-Vu+ quv) dx
Q 0 Q

s on(o)
_ dv(o)
= /;Qaan(a)gp(a) do
v

= lellg-12¢0)

a—
on H'2(3Q)

=clellg-12pa llul2,

where in the last step we have used the estimate (2.11) . Therefore for any ¢ €
HY23Q),ifu € H! (2) solves (2.9) and u = ¢ on 02, we have

[div(aVu)llz + llull2 < cllell g-120)- (2.12)

Also, in order to see that the normal derivative adu /dn has ameaning in H —32(3Q)
we proceed as follows. Letyr € H 3/2(5Q) be given and consider w € H 2() solution
to

(2.13)

—div@aVw) +qw =0 in Q
w=y on 9€2.

Note that such a w exists in H!(S2) since N (La,q) = {0}. By the regularity result of
Proposition 2.3 we have w € H2() and

ow

a_
on

< cllwllg2@) < cll¥llmsroe)-
H2(0Q)
Multiplying equation (2.13) by u and integrating by parts twice (or alternatively mul-
tiplying also equation (2.9) by w and then subtracting the resulted identities), one sees
that

dw(o)
/ a plo)do = / (aVw - Vu + qwu) dx
il Q

Q@ on(o)
. ou(o)
_/(;Qaan(a)xp(a)da.
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ou
(5]

Therefore

Jw
a_
on

< lellg-1200) s
H'/>(0Q)

= cllellg-12p0) lwl g2

= cllelig-12a) 1V | 532 60)-

Finally from this we conclude that for any ¢ € H 172(32) the solution u of (2.9)
satisfies

<clellg-120p0)- (2.14)
H-320Q)

Now if we assume only ¢ € H~1/2(3Q), a standard regularization procedure allows
us to see that the estimates (2.12) and (2.14) go through and the lemma is proved.
O

3 A. P. Calderon’s approach

In this first lecture we present the results of A. P. Calderdn [10] which, despite being
partial as far as the identification problem is concerned, contain some very interesting
ideas, in particular the use of harmonic test functions of the type u (x) := exp(i§ - x +
n - x) where £, 7 € RN are such that & - n = 0 and |£| = || (see below the proof of
Proposition 3.4).

We recall that by classical results on the resolution of elliptic boundary value
problems (see Section 2) if a € A,g, defined in (2.1), is given, then for each ¢ €
H'/2(3) there exists a unique u € H'(Q) satisfying

{—div(a(x)Vu(X)) =0 inQ 3.1)

u(o) = ¢(o) on 9.

More precisely u may be characterized by the fact that it is the unique point in the
convex set

Ky :={ve H'(Q); v=¢onaQ} 3.2)

at which the strictly convex functional

JW) = J,(v) ::/ a(x)IVv(x)Izdx (3.3)
Q

achieves its minimum on K. We will write

u = ArgMin J,(v)

veKy,
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tomean thatu € K, andforallv € K, we have J(u) < J(v). Asthe mapping ¢ — u
is linear continuous from H/2(3Q) into H!(), it is a matter of simple algebra to
check that ¢ +— J,(u) defines a continuous quadratic form on H 172(3Q) with values
in R;. We will denote this quadratic form by

0.(p) = 0(p) = / a(x)qu(x)lzdx, where u satisfies (3.1). (3.4)
Q

The direct problem would be: knowing the coefficient a € Ayq study the mapping
a — Qg(p). It is clear that the inverse problem, namely trying to determine a
assuming that the mapping a — Q,(¢) is known, would be better understood if one
knows a good deal about the direct problem. In this regard our first observation is
that, as one might expect, the mapping (a, ¢) + u is continuous, in fact analytic, on
Aad x H'72(09).

Lemma3.1. For (a, ¢) € A x H'/?(3Q) define T (a, ) := u where u satisfies (3.1).
Then T is analytic on Ayg X H2(39).

Proof. Let (ag, ¢o) € Aad X HI/Z(BQ) and assume that for some g9 > 0 we have
ap > & a.e. We shall denote by B := B,, the continuous operator defined for
f € H(Q) by Bf := w where w € HOI(Q) satisfies —div(aqpVw) = f. Let
a=ag+b e Ay where b € L®(Q) is such that ||b||o < &o. If for w € H' () we
set

Apw = —div(bVw),

then we have ||Apw| g-1(q) < [IbllecIVw]l2. Indeed

1Apwl -1 = sup {(Apw, ¥); ¥ € HY(Q), 1]l 10y = 1}

sup{/gb(x)Vw(x) VY (x)dx; ¥ € Hy (), Wl g @) = 1}

[DlloolIVw]l2.

IA

In particular, when w € HO1 (£2), using the norm w +— [[Vw||2 on HOI(Q), we infer
that B A is a bounded operator from HO1 (2) into itself and that || BAy || < || Bl 18]l co-
Now denote ug := T (ag, ¢o) and u := T (a, ¢p). It is clear that v := u — ug belongs
to HO1 (€2) and satisfies (recall that div(agVug) = 0)

—div(agVv) — div(bVv) = div(bVugy) = —Apug,

which, after applying B to both sides, can be written (I + BAp)v = —BApug. If
we assume that [la — agllec = [|1Pllee < min(||B||"}, &9) (see below to observe that
min(||B|| ™, &0) = &0), then || BAp|| < 1 and (I + BA)) is invertible so we can write

oo
v=—(+BAp) ' BApug =Y _(—=1)"(BAy)"uo,

n=1
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and therefore

o0
T(a, ¢0) = T (a0, 90) + Y _(—1)"(BAa—ay)" T (a0, 90).
n=1
Remarking that ¢ — T (a, ¢) is linear, from this we conclude that T is analytic at
(a0, o) € Aad x H/2(3Q). O

Remark 3.2. We point out the following estimates concerning the dependence of u
on the coefficient a. First observe that if we denote by g the essential infimum of
ap € Aad, that is &g := sup {& > 0; meas[ag < €] = 0}, then || By, |l < 80_1. Indeed
for f € H~'() and By f =we HO1 () satisfying —div(agVw) = f, we have

eoll B 31y = /Q ao()|Vw(@)? dx = (f.w) < 1 f -1 I1Bf ) @)-

In particular we note that IBI~! > &g and therefore min(||B|~', &9) = &o. Also if
la — aollec < €0, then a € Ayq and, since ||BAa_a0||L(H01(Q)) < |la — ap|lcc, the
above analysis shows that

lla —aolloo

T (a, go) — T (ao, (/’O)HHOI(Q) =< e

— || T (ao, . 3.5
T IT@ gy G

This inequality may be interpreted as the expression of the fact that if we set
. T (a, po) — T (ao, (00)”[101(9) £00

then |la —aollco > )
I7 (a0, ¢)ll g} () =148

In order to obtain a stability result concerning the inverse problem, one should have a
reverse inequality of the type ||a — ag|lcc < CF(§) for some continuous function F
such that F(0) = 0. We shall see that although such results may be proved in some
cases, in general their proof is much more involved: actually this difficulty is typical of
inverse and parameter identification problems (see for instance G. Alessandrini [3, 5]).

Lemma 3.3. Let (ag, ¢) € Aag X H'Y2(3Q) and ug = T (ay, ¢). Then for any
by € L*®°(2) we have

lim an+tbo (90) - an (§0) _

t—0t t

/ bo(X)| Vit (¥)| dx.
Q

Proof. Setting b := tbg and a := ag + tby, for t small enough the assumptions in the
proof of Lemma 3.1 are satisfied and using the notations used there, we have

Qa(@) = Qay(9) +t_/Qb0(X)IVM0(X)I2dx +2/an(X)Vuo(X) - Vu(x) dx

+ 2/ b(x)Vup(x) - Vv(x)dx + / (ap(x) + b()c))IVv()c)l2 dx.
Q Q
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Now, due to the fact that div(apVug) = 0, multiplying this equation by v € HO1 (2)
and integrating by parts, we remark that fQ ag(x)Vug(x) - Vu(x)dx = 0. On the
other hand thanks to the estimate (3.5) we point out that ||v|| H] <cllblloc = O(t) and
therefore

2[ b(x)Vug(x) - Vo(x)dx + / (ap(x) + b(x)|Vo(x)|? dx = O(?).
Q Q

Therefore Qo115 (¢) = Quo(9) +1 [ bo(x)|Vuo(x)|> dx + O(#?), and the proof of
the lemma is complete. O

Proposition 3.4. Fora € Aaq denote by ®(a) := Q, the quadratic formon H'/?(3)
associated to a via (3.4). Then ® is analytic on A,q. In particular for ag € Aaq and
by € L%°(R2) the derivative of © at ay is given by ®'(ag)bg = q where the quadratic
form q is given by

4(9) :=f9bo<x)|wo(x)|2dx,

where ug € H'(Q) satisfies div(agVug) =0in Q and ug = ¢ on Q2. If ap € Aag is
constant, then @' is injective at ag, that is if bg € L () is such that ®'(ag)by = 0
then by = 0.

(Here the space of quadratic forms on H'/?(3<) is endowed with its natural under-
lying norm topology: if g is a continuous quadratic form on H'/2(32) then for some
unique selfadjoint operator A defined on H'/2(3Q2) one has ¢ (¢) = (A@l@) g1230)-
and the norm of g is given by [|Allgm1250))-

Proof. The fact that ® is differentiable is a consequence of the fact that by Lemma 3.3
the mapping ap — Oy, is Gateaux differentiable and its Gateaux differential, namely
b — ¢, is continuous. The fact that ® is analytic follows from Lemma 3.1 and the
expression of ®'(agp).

Now assume that ag is constant, so that div(agVu) = 0 means Au = 0. Recall
that we have denoted (see Section 2) Hy(A) the space of harmonic functions:

Ho(A) == {v e H'(Q); Av =0},

which is actually the orthogonal space to HO1 () in H'(Q). Note also that since ag is
constant, by Lemma 3.3 we have:

(@' (a0)bo) () = /Q bo(x)|Vug(x)|? dx,

for ug € Ho(A) such that ug = ¢ on 0€2. Therefore if by € L°°(L2) is such that for
all ug € Hyo(A) one has fQ bo(x)|Vu0(x)|2 dx = 0, then from this we conclude that

forall up, uy € Hy(A), / bo(x)Vui(x) - Vup(x)dx = 0. 3.6)
Q
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(This is the polarization of the quadratic form g). Now consider the special functions
uyp, us defined to be

uy(x) ;=exp((i-& +n)-x), wuz(x):=exp((i& —n) - x), (3.7)
where n, & are such that
gneRY, &.n=0, [& =yl #£0. (3.8)

(Recall that since N > 2, forany & # 0 there exists some € R satisfying the above
conditions). One checks easily that thanks to (3.8) the functions u; are harmonic in £2
and thus belong to Hy(A). However since Vu(x) - Vua(x) = —2|$|zexp(Zi§ - X),
identity (3.6) implies that

vE e RY, / bo(x)e? dx = 0 = f (1(0)bo ()™ dx.
Q RN

This means that the Fourier transform of 1gbg, namely F(1qbg), is zero, which in
turn, using the injectivity of the Fourier transform, yields by = 0. O

Remark 3.5. If we could prove that ®’'(ag) is a homeomorphism, then the implicit
functions theorem would yield that in a neighborhood B(agp, €1) of ag the inverse
problem can be solved: fora € B(ag, ¢1) knowledge of Q, would allow us to recover
a. Unfortunately at this point we are not able to prove such a result concerning
@' (ap)...

Remark 3.6. The above analysis contains the ingredients of an approximation process
to recover a conductivity a, which is a small perturbation of a constant, when the
quadratic form Q, is known. Indeed let a9 = 1 (for instance) and assume that
a =1+ b € Ay is close to ap. For j = 1,2 and given ¢; € H2(3Q) let
uj, uo; € H'(Q) satisfy

diV(aVuj) = diV(aoVLt()j) = Au()j =0in Q, Uj =ugj = @;j on 0€2.

Since Qy is known on H'!/ 2(3), so is the bilinear form

1
M1, ¢2) = 7 [Qal@1 +¢2) — Oul@1) — Qule2)].

If we denote v; := u; — ugj, as we did previously, we have fQ Vugj - Vopdx =0
since vy € HO1 (€2), and therefore

M1, 2) = / a(x)Vuo1(x) - Vuga(x) dx

@ (3.9)

+/ [(a — ap)(Vugy - Vv + Vugy - Vvy) +aVuy - Vup] dx.
Q

Now choose ug; as in (3.7) with &, n satisfying (3.8) (this means that ¢; is the trace of
ug; on d€2). Then, assuming that 2 C B(0, R) for some R > 0, we obtain from (3.9)

20161%0(28) = —2m) N2 M (@1, g2) + h(28), (3.10)
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with
h(2£) == 2m)~N/? /Q [(a — ao)(Vugy - Vv + Vugy - Vui) +aVuy - Vo] dx.
(Here we take as the definition of the Fourier transform
7@ = @n)~N? /RN f(x)exp(—ix - £) dx.

Note also that as a matter of fact we should have written F(1qa)(2£) instead of @(2£),
but this is not misleading in our analysis). The error term h(2£) may be estimated by

|h(28)| < c1|]? ||b]12, e* R,

(actually if |b||cc < 1) to ensure thata = ag + b € A,g (see the proof of Lemma 3.1).
If F is such that

since |[Vvjll2 < cllblloollVuo,jll2 = cllblloo I£], provided [|bloo is small enough

—Q2m) N2 M(g1, ¢2)

F(28) == TG :

then we have a(26) = F(2&) + (2||>)~'h(2¢) and finally

2h()
&2

Now consider p(x) := (27) N2 exp(—|x|?/2) and py(x) := oV p(ox), so that
convolution with p, yields an approximation of the identity when o is large. Since
po (x) = p(£/0), and

aE) =FE) +

3.11)

2h .
%p@/o),

aE)pE/o) = FEDPE/o) +
we have

axps; =F*xps+r,

where the remainder r is defined via 7(§) = 2h(g)ﬁ(g/o—)/|§|2. Since [[F]loo <
Q) ~N/2|[71, it follows that

17 lloo < c2llbll /R 1P /o) exp(RIEdE = e3lbll2, o exp(a?R?/2).

Finally we see that foro > 0 large, and ||b|| 5 small enough, then F ' p, is areasonable
approximation of a * p,, which in turn, since o is large, is a good approximation of a.
O
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4 Identification on the boundary

Our second lecture is devoted to the recovery of the coefficient on the boundary. To be
more specific let us introduce the following notations. For a € A,q (which is defined
in(2.1)) and ¢ € H'2(3Q) we denote by

ou
Aq(p) =a— 4.1)
on
where u € H'(Q) satisfies (3.1). The operator A, called the Dirichlet to Neumann
map by some authors, and the Poincaré—Steklov operator by others, is a selfadjoint
operator mapping HY23Q) — H2(5Q). Indeed if —div(aVu;) = 0in  and
uj = @; on the boundary for j = 1, 2, then multiplying by u, the equation satisfied
by u1, and vice versa, after integrating by parts we get

(Aa(e1), 02) =/Qa(X)Vu1(X)-Vu2(X)dx

(Aa(@2), @1) =/Qa(X)Vuz(x)-Vu1(x)dx,

that is (A4 (¢1), @2) = (Aq(@2), @1) forall @1, ¢ € H'2(3Q). This implies that A,
is a continuous selfadjoint operator mapping H'/?(3Q) into H~'/2(32). Note also
that Q,, being defined in (3.4), we have for all ¢ € H'/2(3Q)

Qa(p) = (Aa(9), ¢). (4.2)

In this section we will show that when a; € A,q is of class C! near the boundary
a2 for j =0, 1, and if one has

Aoy = Ay s 4.3)

then @y = a; and Vag = Vaj on the boundary. This result is due to R.V. Kohn &
M. Vogelius [25] who prove actually much more: assuming that ag and a; are of class
C* near the boundary for some k > 1, then 0%ag = 9%a; on the boundary for || < k,
provided €2 has enough regularity. In particular, assuming that the boundary and the
coefficients ag, a; are real analytic, their result implies that ag = a; on Q.

The idea of the proof is the following: assuming that (4.3) holds, but for instance
ap(op) > aj(og) for some op € 9€2, one considers appropriately chosen electric
potentials v, having an H'/2(3Q) norm equal to 1 and small support around g, and
such that ||V, || y-12 = O(@m~"). Then if

—diV(a_i Vujm) =0 inQ
Ujm = VUm on 92,

after a minute analysis of the behavior of u jm s m — +00, one shows that for large

enough m’s one has Qu, (V) > Quy (Yim).
We begin by the construction of the appropriate test functions (V) m>1.



142 Otared Kavian

Lemma 4.1. Let Q be a C! bounded domain and oo € 92 be given. Then there
exists a sequence of functions (Ym)m>1 such that ¥y, € H32(Q) N Ccl. (0R2) and for
some positive constants c1, ca:

(i) supp(Ym+1) C supp(¥m) and (1,1 supp(¥m) = {00},

(ii) ||1/fm||H1/2(aQ) =1,

C
(iii) (1+23)/2 < Wl g-s o) = m(1+225)/2 for —1<s<1.

Proof. Via a local diffeomorphism we may assume that 3Q c RV~! x {0} and that
oy is the origin. Consider a function f, € C°(R) such that f, is not identically zero
and

+1

supp(fy) C [—1, +1], fe)dt = 0. (4.4
-1

Now for x” := (x1, ..., xy—1) € R¥~! and integers m > 1 define

N-1

Sy =T fulmxi).

i=1

In the following, for a function f defined on RVY~!, we denote by f(& ") its Fourier
transform at &’ € RV~

We see that suRp(fm) is contained in [—1/m, 1/m]N~", and since f,,(x") =
f1(mx"), we have f,,(§') = m —(N- 1)fl (&’/m) and therefore for any s > 0

Ll s n1y = / La+ 161275 fu (&) 1PdE’
1 PN
=— / (1 +m*E"D)7 | f1E) e . 4.5)
m RN-1
Note that since (1 +m26%)~! > m=2(1 4+ 62)~! for 6 > 0, we have
g~ c3
f A+m*EP) | AEPAO > —- . (4.6)
N-1 m

On the other hand the mean value of f being zero, we have ﬁ(O) = 0. Whence
using the fact that fj is analytic we have | - |1 f1 € S(RN~1) (remember that f1 has
a compact support), and recalling the inequality (1 4+ m?62)~! < 60~2m=2 for6 > 0,
we obtain the upper bound for0 <s < 1

. FUENIRAE
[, armleDiie) s _
RN-1 rV-1 & m

This and (4.6) plugged into (4.5) yield that for0 < s < 1

“4.7)

—w-b —N-D
cs(s)m ™2 < N fmll g—s@n-1y < ce(s) m™2 . (4.8)
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The same line of arguments shows that for any s > 0 we have

N—1 —(N=1)

=(
c@m= 2 < fullgsgy-1) < cals)m™ 2, 4.9)

Finally from (4.9) and (4.8) we obtain for s > —1:

(N-1) —(N=1)

crm= T < full sy < cgls)ym— 2
and upon setting
Py o= I
Il fon | 172 -1y
we conclude that for —1 < s < 1 we have
co(s)m™ U2 < [y || s -1y < cro(s) m™ T2

and that the sequence (,,),>1 satisfies the conditions of the lemma, at least when
the boundary 9S2 is a portion of R¥~! x {0}. The general case is treated via a local
diffeomorphism & and the resulting sequence (Y, )m>1 will inherit the regularity of
® that is, with our assumptions, each i, will be in CHl Q) N H¥%(HQ). O

In what follows, g € 92 and (¥,)>1 being as in Lemma 4.1 and a € L*°(2)
so that a > g¢ for some g9 > 0, we shall denote by u,, € H () the solution of

—div(aVu,,) =0 inQ

(4.10)
Um = Yn on 9L2.

Our purpose in the following lemma is to show that, in some sense, u,, concentrates
around og, more precisely that, far from o9, the H "_norm of u,, is small.

Lemma 4.2. Assume that Q is a bounded C'! domain and that the coefficient a
in (4.10) is in WH%°(B(op, R) N Q). Then ifw:= Q\ B(0g, R), there exist mg > 1
and a constant ¢ > 0 such that for all m > mq one has

@.11)

3o

Ntmll g1 () <

Proof. First we may take mo > 1 large enough so that the support of ¥/, is contained
in B(og, R/8) N dS2 for all m > mg. Then we set wy := Q2 \ B(op, R/4) and choose
a cut-off function ¢ € C2° (]RN )suchthat0 < ¢ <1, and

(=1inw, ¢=0 in B(og, R/2).
Now consider v,, := Cu,, and observe that v,, = 0 on dwq and, since div(aVu,,) =0,

—div(aVvy,) = —aV¢ - Vu,, — div(au,, V).
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Multiplying this equation by v,, = {u,,, and integrating by parts over wp, we get

/ a(x)lem()c)l2 dx = —/ a(V¢ - Vuy)u, ¢ dx +/ aup Ve - V(Cuy) dx
wo wQ

o
= / a(xX)up (x)?|VE(x)|? dx,
o

and finally, observing that u,, = v,, on w C wy,

f|wm(x)|2dx5cf |t (X) 2 IVE () dx. (4.12)
w Q

Now we need to estimate the right hand side of (4.12) in terms of ||, || g-1/2. To this
end consider ¥ € HOl (£2) solution to

—div(@aVV¥) = up|Ve2inQ, W =0ondf. (4.13)

Since a € WH°(B(op, R) N Q), and ¥, € H>?*(B(og, R) N dK)), by the local
regularity results of solutions to elliptic equations (see Section 2) we know that W is
in H?(B(op, R) N ) and therefore oW /0n is in H'2(B(09, R) N3K2). Moreover we
have

ow

a—
on

< Wl g2 8oy ryney < Cluml VP2 (4.14)
H1/2(B(00,R)ﬂaSZ)

Multiplying equation (4.13) by u,, and integrating by parts we have:

2 2 oV (o)
/um(x) Ve (x)| dx=/aVlIJ-Vumdx—/ a
Q Q o on(o)

= —/ aaw(o)lﬁm(a)da,
d

@ on(o)

Vm (o) do

where we have used the fact that since u,, satisfies (4.10) and ¥ € HO1 (2) we have
JoaVV¥ - Vu, dx = 0. It follows that

a
a_

. 1¥mll a-1200)

H1/2(B(0p,R)NI)

/ U (V)P dx < c
Q

which, using (4.14) and the fact that |V¢ | < ¢|V¢], yields

lum VT2 < cllum VP 2 1¥mll g-1260) < lumVEl 2 1¥mll g-1200)-

Finally the estimate on v, given by Lemma 4.1 together with inequality (4.12) prove
that |Vumllp2() < ¢/m form > mg. Since u,, = 0 on dw N 9€2, by Poincaré
inequality we have [lum |12, < c(w, Q)[[VumllL2(,), and the lemma is proved. [

Our next step will be to show that in the ball B(op, R) the solution u,, is not too
small:
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Lemma 4.3. With the notations and assumptions of Lemma 4.2 there exist m| > my
and a constant cy > 0 depending on R such that for all m > m

/ Vi (x)1* dx > co.
B(og,R)NQ2

Proof. Recall that if we denote by yp : H Q) — HY2(3Q) the trace operator
U = Uj,q,, there exists a positive constant ¢ such that for all u € H'($2) we have (see
Section 2)

o) 3120y < c(1Vul3 + 10172 4g,)-

Applying this to u,, form > mg, one sees that since Yo (um) = ¥m and || ¥m[l1250) <
em™1/2 (cf. Lemma 4.1):

C
L= 100 1200, < € (1Vum 13 + =)

C C
fc/ Vi ()P dx + — + —.
B(op,R)NQ m m

Clearly, upon taking m| > mg large enough and m > m, this yields the claimed
result of the lemma. O

We can now state and prove the first identification result we had in mind: namely
that if A,y = Ay, then ap = a; on the boundary.

Theorem 4.4. Let Q be a bounded domain and o, € 92 such that Q is C in a
neighborhood B(oy, Ry) of ox. Assume that a; € L™®(Q) N W1 (Q N B(ox, Ry))
witha; > gy > 0in 2. Let Aaj be as in (4.1) and assume that A,y = Ag,. Then one
has ag = a1 on B(ox, Ry) N 0S2.

In particular if Q is CY! and aj € W1(Q), the equality Agy = Ng, implies that
ap = ajy on 9S2.

Proof. If there exists o9 € B(ox, Ry) N K2 such that (for instance) ag(op) > aj(0p),
then the g;’s being continuous in a neighborhood of oy, there exist 8 > 0 and R > 0
such that B(og, R) C B(ox, R,) and

Vx € B(og, R)NQ, ap(x)>ai(x)+B.

Now denote by u;,, € H () the solution of

—diV(ajVujm) =0 inQ
Ujm = Ym on 0€2.
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Denoting B := B(op, R) N 2 we have
Ouy(Ym) = / ao(x)|Vom|* dx > / ao (x)|Vitom | dx
Q B
> / a1 () Vitom P dx + ﬂ/ Vitom | dx
B B
> f a1 (x)| Vo |* dx + Beo
B

C
> / a1 (x)|Vuow|* dx — — + Bco.
Q m

provided m > m, where m is given by Lemma 4.3 (in the last estimate we have
used Lemma 4.2, that is fQ\B a1 ()| Vugm (x)|*> dx < em~2). It follows that since by

definition of u,, (we denote by Ky, the convex set Ky, = ¥, + HO1 () :={v e
H'(Q); v =y, on 992})

/al(x)|w0m|2dxz min /al(x)IVvlzdx
Q Q

VEKy,,

- / a1 (0O Vit 2 dx = Quy (¥,
Q
if my > m is large enough so that for m > m, we have em™ 2 < Bco/2, we have

1 1
Quo (Ym) = /Qm(X)IVuomlzdx + 5800 = Qay (¥m) + 5 Bco. (4.15)

Since Ag4y = Ag,, we have Quy (¥im) = Qq, (¥m), which is in contradiction with the
above inequality. Therefore we have ay = a1 on B(ox, R.) N 92 and the proposition
is proved. O

In order to prove that the assumption A,, = A, implies that ay = a; at order
one on the boundary, that is ag = a; and Vap = Va; on 92, we need to show a
little bit more than the estimate of Lemma 4.3. Indeed, since we know that ay = a;
on the boundary, the tangential derivatives of ap and a; coincide and so it remains to
show that dag/dn = da;/dn. If this were not so, we would find 8 > 0 such that in a
neighborhood B := B(og, R) N Q of some og € 9L2:

Vx € B, ap(x) > ai(x)+ Bdist(x, 0L2).

(Here dist(x, d€2) denotes the distance of x to the boundary). After a detailed in-
spection of the above proof of Proposition 4.4, one is convinced that if we knew
that fB dist(x, 9Q)|Vuom|* dx has a greater magnitude than fQ\B a1 (x)|Vugm | dx
(which is O (m~2)), then the whole line of the above argument might be carried out,
and we would obtain a contradiction to the fact that A,, = A, or equivalently

Qa() = Qa1 .
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Remark 4.5. One can see through the above proof that the identification result is
in some sense local. This means that if for all ¢ € H'/2(3Q) with supp(¢) C
B(o Ry) N 02 one has Ay, (@) = Ag, (¢), then ag = a; on B(oy, Ry) N2, O

In order to obtain the estimate we are lacking for now, we shall use a special
function equivalent to dist(x, d2). Indeed let us denote by ¢ € Hol(Q) the first
eigenfunction of the operator u + —div(aVu) with Dirichlet boundary condition,
that is

—div(aVe1) = A1 >0 in Q, ¢ € HOI(Q), / 01 ()c)2 dx=1. (4.16)
Q

Itis a classical consequence of the Hopf maximum principle (see for instance D. Gilbarg
and N. S. Trudinger [17]) that on a part B(op, R) N 92 of the boundary which is cl1
one has d¢1/0n < —c,.(R, 2) < 0 and

Vx € B(og, R) N Q, codist(x, Q) < ¢1(x) < ¢ dist(x, ).

Lemma 4.6. With the notations and assumptions of Lemma 4.2 there exist m| > my
and a constant cy > 0 depending on R such that for all m > m

/ dist(x, Q)| Vi ()2 dx > < .
B(op,R)NQ m

Proof. Let ¢ be as in (4.16). Then we know that for some positive constants
Cx, Clx, C2x« We have (here again B := B(oyp, R) N Q)

9
{\7’0 € B(oo, R)NIQ, — L >ci>0 4.17)

Vx € B, crx dist(x, 02) < @1(x) < 24 dist(x, 0€2).

Assuming that m > my is large enough so that supp(y,,,) C B(op, R) N 92, and
multiplying (4.10) by u,,¢1, which belongs to HOl () since ¢; is in W1 (Q) and
vanishes on 02, we obtain

/ a(x)IVum|2¢1(x) dx + / a(xX)u, (x)Vuy,(x) - Ve (x)dx =0. (4.18)
Q Q

But noting that u,, Vu,, = V(ui) /2, we may integrate by parts the second term of the
above equality to see that (we use also the equation satisfied by ¢):

dp1(0)
on(o)

+ = | um(x)7@1(x)dx.
2 Ja

/ a ()t (X) Vit (x) - Vo (x) dx = ! / Ym(0)?a(o)
Q 2 Jag
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Inserting this into (4.18) yields:

2 A 2
a(x)|Vupy |1 (x)dx = A Uy (x)@1(x) dx
@ (4.19)

——/ Y (0)? a(d)a ( )

Now we may use the Hopf maximum principle expressed in the first inequality of (4.17)
to see that for some positive constant ¢, due to property (iii) of Lemma 4.1 with s = 0,
we have

/ Y (o) a(d)

o> / a(@) (o) do > = (4.20)
on ( 4 o m

As far as the first term in the right hand side of (4.19) is concerned, observe that if
v e HO1 (2) solves

—div(aVV¥) = u,,01 in 2, W =0 on 09,

after multiplying this equation by u,, and integrating by parts, we obtain (because u,,
satisfies (4.10) and so we have [, aVu,, - V¥ dx = 0)

1)
on(o )

/ o (1201 (x) dx = — f In(@)a(0)

= C”‘/’m”]—[—l/Z(aQ) a (421)

on HY/2(B(0y, R)NI)

1/2
< cl¥mll g1 llume, 12,
where we have used the fact that U € H%(B) with B := B(og, R) N 2, and
ow

o

1/2
o < cl¥llg2p) < cllumerllz < cllumey " ll2,

H1/2(B(0p,R)NI)

thanks to classical regularity theorems (see Proposition 2.3) and the fact that ¢; <

C(pll/z. Finally from (4.21) we obtain that ||um(p11/2||2 < cll¥mllg-1125q) and using
Lemma 4.1 with s = —1/2, the latter estimate shows that
2 2 ¢
fg i (V01 () i = €l gy < 5 4.22)

It is now plain that plugging estimates (4.20) and (4.22) into (4.19) finishes the proof
of the lemma. O

At this point we can prove the following identification result.

Theorem 4.7. Let Q be a bounded domain and o, € 02 suc@hat QisCllina
neighborhood B(oy, Ry) of 0. Assume that aj € L*(S2) N C! (2N B(os, Ry)) with
aj > & > 0in Q. Let Aaj be as in (4.1) and assume that A,y = Ag4,. Then one has
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ag = a1 and Vay = Vaj on B(oy, Ry) N 852_.
In particular if Q is CY! and aj € CY(RQ), the equality ANgy = Ag, implies that
ag = ay and Vay = Vaj on 0L2.

Proof. By Proposition 4.7 we know that ayg = aj on B(oy, R,) N3, therefore in order
to prove that Vag = Va; on this portion of the boundary, it is enough to show that
dag/dn = daj/dn. If there exists o9 € B(o, Ry) N 32 such that dag(og)/dn(og) #
day(og)/dn(oy), then the a;’s being C! and equal on B(oy, Ry) N 9%, there exist
B > 0and R > 0 such that B(og, R) C B(0o, R,) and (for instance)

Vx € B(og, R)NQ, ag(x) > a;(x) + Bdist(x, Q).

We denote again by uj,, the solution of div(a;Vu;,) = 0 and uj,, = ¥, on 9L,
and by ¢ € HO1 (R2) the eigenfunction considered in (4.16) with a := ag. If B :=
B(og, R) N Q2 we have (here we use Lemma 4.6)

/ ao(x)|Vuom|* dx > / ao (x)|Vitom | dx
Q B

z/al(x)|vu0m|2dx+ﬁ/ dist(x, 92)|Vuom|> dx
B

_/al(x>|wom| dx+ﬁ 0
B

Ci
_/al(xnwoml dx——+@
Q

m

provided m > m, given by Lemma 4.6 (in the last estimate we have used Lemma 4.2).
It follows that since by definition of u1,,

/Q a1 () Vitom > dx = Qa; (Ym),

for my > m large enough so that for m > my we have cem™! < Bco/2,

Qao(Ym) = /Qal(X)IVuoml dx + & > Qu, (Ym) + ’3_;;’

This is a contradiction with the fact that Qg (¥n) = Q4 (¥1n). Therefore we have
dag/0n = day/dn on B(oy, Ry) N 02 and the theorem is proved. O

Remark 4.8. It is interesting to note that the arguments used to prove Theorem 4.4
may be used to give a stability estimate of the type

llao — aillLe@e) < c(M)||Agy — Aq ||L(H1/2(aQ),H—1/2(aQ))’ (4.23)

foralla; € W12°(Q) such that lajllwiooq)y < M, where ¢(M) is a constant depend-
ing only on 2 and M. Indeed assume thatag, a; € wl "% () are such thatag—a; £ 0
on the boundary and that if 28 := |lap — a1/~ @), for some o9 € 32 and R > 0
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we have
Vx € B(og, R) N2, aplx) > ai(x)+ B.

Then according to (4.15) for some constant ¢p > 0 we have that

1
3P0 = Qag(Wm) = Qay (V) = ((Aag = Aa))V¥m: Yim)

< Aay — Aoyl 209), H-1209)
since [[Ym |l g1/2¢3q) = 1. It follows that (4.23) holds with ¢(M) := 4/co.

5 Identification of potentials in Schrodinger operators

Our third lecture will treat a few more general identification problems for elliptic
operators, through appropriate boundary measurements. Fora € A,g andg € L*°(Q2)
denote by L := L, 4 the (formal) elliptic operator

Lu := Ly qu := —div(aVu) + qu. 5.1
It is known that (see Section 2) the subspace N (L) or N (L, 4) defined to be
N(Lag) :={¢ € Hy(); Lagp =0in H'(Q)}, (5.2)
is finite dimensional. Then we introduce the following way of saying:

Definition 5.1. We shall say that zero is not an eigenvalue of L, 4 if N(L,,4) = {0}.

If zero is not an eigenvalue of L, 4 then for any given ¢ € H 1/2(3Q) there exists
aunique u € H' () such that

—div(aVu) +qu =0 in Q

53
u=g on 0§2, 5-3)
and we may define the corresponding Poincaré—Steklov operator A 4
du 172 —1/2
Nag(p) =a—, Nag :H'7(0Q) — H (0€2). 5.4

on

Now the question we may ask is the following: if for two sets of coefficients a;, g;
(where j =0, 1) wehave Ay, 4, = Ay 4, can we conclude thatag = aj and go = q17?

Before trying to answer this question let us show that A, 4 is a continuous selfad-
joint operator on H'/2(3).

Lemma 5.2. For givena € Auq and q € L (2) assume that zero is not an eigenvalue
of Aq 4 defined by (5.4). Then N, 4 is a selfadjoint operator mapping H'2(3Q) into
H™23Q).
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Proof. The fact that A, 4 is continuous from H'2(3Q) into H~1/2(3Q) is a conse-
quence of Lemma 2.2. In order to see that A, , is selfadjoint, let u solve (5.3) and for
v e H'2(3Q) letv € H'(Q) solve

—div(aVv) +gqv =0 in Q, v =1 on 9.

Upon multiplying this equation by u, equation (5.3) by v and integrating by parts, one
sees that:

/ a(x)Vu(x) - Vu(x)dx +/ g)vX)ulx)dx = / a(o) Bv(a)w(a)
Q Q Bl on(o)
/ a(x)Vu(x) - Vo(x) dx +/ gu(x)v(x)dx = / a(o) 9u(0) Y(o)do,
Q Q a0 on(o)
which yields that (A, 4, ) = (A4 49, V), and hence A:q =Auyg. [

This gives the following important identity:

Corollary 5.3. Ifa; € Aaq and qj € L°(R) (for j =0, 1) are such that zero is not
an eigenvalue oanj,qj, then for all ¢; € H'2(3Q) ifuj € H' () solves (5.3) with
a :=aj and q := qj and ¢ = @;, we have:

((Aag.qo = Nay,q1)90, 1) = /Q(GO(X) —a1(x))Vuo(x) - Vuy(x) dx

+/Q(QO(X)—q1(x))uo(x)ul(x)dx- (5.5)

Proof. Multiplying by u; the equation satisfied by uo, and vice versa, integrating by
parts gives:

(Aag,g0%0: ¥1) =/Qa0(x)VMo(x)'Vul(x)dx+/QQO(X)M0(X)M1(X)dx

(Aay,q1915 %0) =/Qa1(x)VM1(x)-Vuo(x)dx+/941(x)141(x)u0(x)dx-

Subtracting the second equality from the first, and using the fact that according to
Lemma 5.2 one has

(Aal,qlﬁﬂh (PO) = (Aal,q1§007 @1),
we see that identity (5.5) is proved. O
This corollary, although quite simple to prove, is of the utmost importance in the

study of inverse or identification problems. Indeed it shows that identification of the
coefficients a;, g; boils down to the proof of an abstract density result. Indeed denote
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by Eo := Eo(ao, qo, a1, q1) the space
Ey = span{(Vuo -Vuy, uou); uj € H' (), Ly giuj = 0}, (5.6)

in LY(Q) x L1(2). Then if one could prove that Ej is dense in LY(Q) x LY(Q), one
could conclude that if Agy,q0 = Ag, g, then necessarily ap = a; and gop = ¢1: indeed
by identity (5.5) we would infer that (ag — a1, go — ¢q1) is orthogonal to Eg, and the
density of this space in L' () x L' () would imply that (ag — a1, go — ¢q1) = (0, 0)
in L°°(2) x L°°(2). More precisely, rather than the density of E in LY(Q) x LY(Q),
since Eg depends on ap, qo, a1, g1, we need to know that if

(ap — a1, 90 — q1) € Eo(ao, a1, qo, q1)",

then (ag, go) = (a1, q1). At this point we are not able to show such a general result
for any two pairs of coefficients (a;, g;). However we may state the following:

Theorem 5.4. For aj € Ay and qj € L*(Q) so that zero is not an eigenvalue of
Lg; q;, define the spaces

Vo(qo. q1) := span{uou1; uj € H'(RQ), Lq;.quj =0}
V1(a0, a1) = span{Vuo -Vuy; uj € HI(Q), Laj,qjuj = O}.

Then if ap = ay and if Vo(qo, q1) is dense in LY(), the equality Nay.q0 = Nag.q
implies that qo = q1 in 2.

Analogously if qo = q1 and if Vi (ag, ay) is dense in L' (Q), the equality ANay.q0 =
Nay qo implies that ag = ay in Q.

Proof. Indeed if for instance ap = a1 and A4y, 4 = Agg,q, then thanks to identity (5.5)
for any ¢; € H'/2(3Q) we have

/Q(CIO(X) — q1()uo(x)ui(x)dx = 0.

This means that gg — g1 is orthogonal to Vy(qo, q1), and since the latter is dense in
L'(2) we conclude that qo = ¢1. The other claim of the theorem is seen to be true in
an analogous manner. O

We observe now that a practical way to prove that some coefficients may be iden-
tified in inverse problems, would be to prove that the spaces Vj or V| are dense in
L' (). Inthese lectures, due to lack of time we shall not consider this general problem
(see [22] for a detailed treatment), but rather consider the simpler case ap = a; = 1.
The following results are essentially due to J. Sylvester and G. Uhlmann [38], although
in part we shall use a simpler proof of one of their arguments, thanks to a simplification
given by P. Hahner [18].

We begin with a result which says that there is a direct connection between the
study of the general case and the special case ag = a; = 1 and qg, g1 € L>®(R).



Lectures on parameter identification 153

Proposition 5.5. Letaj € Ay N W2(Q) and qj € L>(RQ) (for j =0, 1) be such
that zero is not an eigenvalue of Lg; 4;. Define

g Mg
%=+ n
aj a;

and assume that ag = a; and Vayg = Vay on the boundary 02. Then

Aag,q0 = Nargg = MGy =A1G-

Proof. For a given ¢ € H'2(3Q), if uj € H' () satisfies
—div(a;Vu;) +qjuj =0 in Q, uj =¢ on 9L,

then using the Liouville’s transform, that is setting v; := a*u i, or equivalently

J
1/2

uj = a; v, one checks that

v .
div(a;Vu;) = div<a}/2wj - 2% v./) = div(a}ﬂvu,- = Q,V(a;/z))
a.
J

1/2
=al? AU‘—ALU'
7 VAR A

J
Hence v; satisfies
qj A“jl r? . 172
—Av; + —+1— v;=0inQ2, v;=a;'"¢pondQ.
a: /2 J
i a.
J
Observe also that since v; satisfies the above equation, it follows that

1/2 ov; 1231/[‘ 1 _12361'
Al,q~j(aj/ (P)=_J=aj/ — 54 2
on on 2 on (5.7)
_ g 12p 1 104
=4a aj.gqj () + Eaj on 4
Since ap = a; and Vayg = Va; on 92, and due to the fact that ¢ +— a;/z(p is a

homeomorphism on H!/2(3$2), we conclude that saying Ay g = Aay.q, is €quivalent
to say that Ay 5, = A1 3. O

Corollary 5.6. Let Q be a bounded C'-' domain. Assume that for q i € L°(R2) (with
J =0, 1) such that zero is not an eigenvalue of L1 4; we have the following property:

Aigo = A1qy = q0 =q1 in Q. (5.8)

Thenifaj € Aag N W2°(Q) are such that Agy.0 = Nqgy 0, we have ag = ay in Q.
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Proof. First according to Theorem 4.4 and Theorem 4.7, we know that whenever
Aay,0 = Agy 0, then agp = ay and Vag = Va; on the boundary 0€2. Next setting

Aa!?
~ J
q] L 1/2 )
9j

then clearly zero is not an eigenvalue of L 7, because saying that v € HO1 (€2) satisfies
—Av +gjv = 0 is equivalent to say that div(a; Vu) = 0 with u := a"?y e HO1 (),
and the latter equality implies u = 0 = v. Now Proposition 5.5 shows that if Ay, o =
Ag, 0, since ag and ay, as well as Vag and Vay, are equal on the boundary, we have
A1, = A1, Property (5.8) implies that go = g1 in 2, but it is clear that if we set
g = ¢j, the functions a} 2 (which are also in H'(2)) satisfy the elliptic equation
—Aa;/z —I—qa;/2 =0 inQ
aj = ap on 9€2.

Since zero is not an eigenvalue of L , it follows that the above equation has a unique
solution, that is ag = a; in €2, and the corollary is proved. O

Now our objective will be to prove Property (5.8), which is true when the dimension
N > 3, and its proofis due to J. Sylvester and G. Uhlmann [38]. We state the following
density theorem which will be proved in the next section.

Theorem 5.7. Assume that Q@ C RY is a bounded Lipschitz domain with N > 3. If
qj € L™(2) are such that zero is not an eigenvalue of L1 4;, then the space

Vo(qo, q1) = span{uoul; uj € Hl(Q) and — Auj +qju; =0 in Q} (5.9

is dense in L'(Q2). As a consequence if the Poincaré-Steklov operators A 1,q0 and
A1,4, are equal, then gy = q in 2.

Remark 5.8. The case of dimension N = 2 is particular in two respects. First by a
result of A.I. Nachman [33], which uses a completely different approach, one knows
that if ap and a; are smooth enough then the equality of the Poincaré—Steklov operators
Agy,0 = Ag, 0 implies thatag = ay in Q. Using this result one may show that if qg, q1
are such that the first eigenvalue of the operator (Ll,qj, D(Lq 4 )) is positive, then the
fact that Ay 4, = Ay,4, implies go = q;.

However the case of dimension two is not thoroughly well understood: it is not
known whether for a general pair g, g1 € L°(£2) the space Vy(qo, ¢1) is dense in
L'(Q), nor is it known whether the functions go, ¢; must be equal whenever A | g0 =
A1,4,- Due to lack of time unfortunately we will not treat the case N = 2 in these
lectures.
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6 Density of products of solutions

In our fourth and last lecture we prove the density result invoked at the end of the
previous lecture. In order to establish the density Theorem 5.7 the main idea, as
pointed out in the original paper of J. Sylvester and G. Uhlmann [38], is the following.
Since the exponential functions exp((i§ £7)-x) used by A.P. Calder6n (see Section 3, in
particular (3.7) and (3.8)) are such that the space spanned by their product is dense, each
of them being a harmonic function, one may consider the operators u — —Au + qju
as perturbations of the Laplacian and prove that the space E(qo, q1) defined in (5.9)
is dense. The point is that this clever idea works, at least when N > 3. However here
we will follow the point of view presented in a later work by P. Hahner [18].

In what follows we consider a potential ¢ € L°(2) such that zero is not an
eigenvalue of the operator L 4. We wish to construct solutions of

ue H(Q), —Au+qu=0 (6.1)
such that
u(x) =e"*(14+y(x), with & =i§ +n,
and

gneRY, Jgl=Inl, &-n=0. (6.2)

Since Ly gu = e [—AY — 2¢ - Vi + g (1 + ¥)], in order for u to be a solution of
(6.1), the new unknown function i should be a solution of

v e H(Q), —AY —20 V¢ +qy¥ =—q. (6.3)

Moreover it is desirable to have i small in some appropriate norm, at least when
|| — 400, so that u is close to e@+DX We are going to solve (6.3) when  C
(—R, R)N for some R > 0 and in the special case ¢ = se;| + i€ for some s € R,
s # 0,and £ € R" such that e; - £ = 0. Note that this is not any restriction since
the operators are essentially invariant under translations and rotations of R"; also we
should say that we denote ey := (1,0, ...,0), and analogously e; will be the k-th
vector of the standard basis of RY. We denote by Q the cube (—R, R)" and we
introduce

R 1 R
N4 ¢ } (6.4)

Zozz{aeR i — ——€Z, L= cZforj=>2
b4 2 b4

Observe that when o € Zj then o1 # 0, more precisely |@1| > /2R and, as we shall
see below, this is the reason for the choice of a shifted grid. Also note that we may
write

Zo= e + %ZN. (6.5)

We recall here the classical definition of Q-periodic functions:
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Definition 6.1. A functionu € Hlljc (RN) is said to be Q-periodicifforalll <k <N
it satisfies u (- +2Rex) = u(-). Such a function is completely determined by its values
on Q and the subspace of Q-periodic functions of Hl (RV) is denoted by per(Q)
Equivalently one can give a local definition of per(Q) A function u € H'(Q)
is said to belong to Hper(Q), or to be Q-periodic, if for all 1 < k < N we have
u(o +2Rer) = u(o) foro € dQ (since the trace u|,,, is defined, the condition makes
sense). In this case, a Q-periodic function in the latter sense can be extended by
periodicity to all RN and one may check that the two definitions of per(Q) coincide.
(Q) is a closed subspace of H' (Q) and it is endowed with the

(Q) is defined to be:

The space H,

per

natural topology of H'(Q). Analogously the space H,

per

H2.(Q) := {u € Hy, (Q); dyu € Hy,(Q) for I <k < N}.

Next we define the notion of Zy-quasiperiodic functions.

Definition 6.2. A functionu € ngc (RN) is said to be Zp-quasiperiodic if the function
x > exp(—imrx;/2R)u(x) is Q-periodic. The space of Zy-periodic functions which
are in Hy (R™) will be denoted by Hy (Q). This is a closed subspace of H'(Q).

One may check that this is a closed subspace of H'(Q). Analogously the space
H%O(Q) is the space of Zp-quasiperiodic functions which are in 1OC(IRN ). Equiv-

alently, the space H %0 (Q) (resp. H; 2 (Q)) can be defined as the space generated by
exp(inx1 /2R)g for ¢ € H1, (0) (resp. ¢ € HZ(0)).
For o € Zp we denote by ¢, the function
@u(x) := (2R)~N/2elex, (6.6)

One checks easily that each ¢, is Zp-quasiperiodic, that (¢y)ecz, is a Hilbert basis
of L2(Q) and that for any o € ZN

Voo =iapy, Apy = _|05|2(Pa .
A useful observation about Q-periodic functions is that when u,v € C L(o)n
per(Q) then we have faQ u(o)v(o)ny(oc)do = 0 (because o +— ny (o) is anti-
periodic on 3 Q) and therefore fQ Vu@x)v(x)dx = — fQ u(x) Vu(x)dx. Also for
u,veC*Q)n

per(Q) since 0 +— Vu(o) - n(o) is anti-periodic, we have

f 0ul0) oy do =0, and / 0u(0) S5y —u ()8—() do =0,
90 In(o) a0 \ on(o) on(o)

and hence

/Au(x)@dx:/ u(x)Av(x)dx.
0 0
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For our study of equation (6.3) it is useful to point out that if u,v € C%(Q) are
Zp-quasiperiodic, then setting

o(x) :=exp(—imx1/2R)u(x), V¥(x):=exp(—irx;/2R)v(x),

we have two Q-periodic functions and
Vu = exp(imxi /2R) Vo (x) + % exp(imxi /2R)g(x)e;

Vv =exp(irx;/2R)Vir(x) + % exp(imrx1/2R)Y (x)e;.

Hence one can easily verify that

du(o) dv(o) / Y (o)
— do = —]d
/(am”()”()())" 3Q<a() ”M))"

+Z p)Y(o)er -n(o)do
R Jsq

=0.

Therefore for any u, v € C2(Q) which are Zy-quasiperiodic we have

/ Vu(x)v(x)dx = —/ u(x) Vo(x) dx
0

fAu(x)mdx = f u(x)Av(x)dx.
Q 0

Invoking a density argument, one is convinced that the above relations are still valid
when the derivatives exist in the weak sense (the first equality in (6.7) holds for
u,v € HéO(Q), while the second one is valid for u, v € H%O(Q) which may be

6.7)

defined in much the same way as H%O(Q)). We are now in a position to solve an
elliptic equation which corresponds to the differential part of equation (6.3).

Proposition 6.3. Lets € R, s # 0 and &€ € RN such that &€ - ey = 0 and set
¢ := i€ +sey. Thenforany f € L*(Q) there exists a unique € HéO(Q) NH?*(Q)
such that

—AYy —20-Vy = f. (6.8)

Moreover we have

R
V20 = sl £ 20 -

Proof. Using the Hilbert basis (¢4)«cz, defined in (6.6), one sees that equation (6.8)
is equivalent to:

Vo € Zo, (=AY —20-VVlos) = (fla),
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where (- | -) denotes the scalar product of L?(Q). Using the above remarks summarized
in (6.7), we have

(=AY =20 - V|pa) = (- a0 — 2i.00) (¥ ]¢o)-

It follows that, provided o - — 2i¢ - o 7% 0, we can express (¥ ¢y ) in terms of (f |y ).
However this is the case, since i¢ - « = isa; — £ - « and therefore

lo - —2i¢ - o] > |Tm(e - @ — 2iC - a)|_|2sa1|>—.

Therefore we have (¥ |py) = (fl@e)/ (@ - @ — 2i¢ - ) and
(f|(pa
V=)
ano ca—2i¢ -

This, since (¢y)q is a Hilbert basis of L%(0), yields the estimate

2
2 |(flga) 2 R
W 1720, = aZ a2 ol = P 1£1720) -

and, using the regularity results for elliptic equations, we have also ¢ € H>(Q). [

Corollary 6.4. Let ¢ := i& + n where &, € RN are such that € - n = 0 and
n # 0. Then if @ C RN with N > 2 is a bounded domain, there exists a linear
continuous operator B : L2(Q) — H?*(Q) such that for any f € L%(Q), the
Sfunction  := B (f) satisfies

Ve HN(Q), —AY-20-Vy = 6.9)
Moreover for some constant ¢ > 0, independent of &, nand f, we have
1B (Hll2 < — I|f||2

Proof. Without loss of generality we may assume that 0 € €2, and we may fix R > 0
such that for any rotation S of R¥ around the origin we have S(2) C (—R, RV,
For a given n € RV \ {0}, we may set s := || and find a rotation S in R such
that Se; = n/s. If f : Q@ — C is a function in L2(Q), first we may extend it
to all the space RY by setting f (x) := 0 whenever x ¢  and f x) = f(x) for
x € Q. Next one checks that if u : RY — R is a function in H10C (RM), upon setting
v(x) := u(Sx) one has Vuv(x) = S*(Vu)(Sx) and

Zo - Vu(x) = (S%) - (Vu)(Sx), Av(x) = Au(Sx).

It follows that if we set §o := iS*& + 5™, then in order to solve (6.9) in €2 it is enough
to set g(x) := f(Sx) and solve

ve HX(Q)NHy (Q), —Av—25 Vv=g.
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Since this has been done in Proposition 6.3 with [[v[[ 2oy < cllgllL2¢p)/In], One sees
that if we set B (f) := v\, all the requirements of the corollary are satisfied. O

Now we can solve equation (6.3) provided |¢| is large enough.

Proposition 6.5. Let ¢ := i& +n where £, 1 € RN are such that& -n = 0andn # 0.
Then if @ C RN (with N > 2) is a bounded domain and q € L®°(R), there exist
a constant ¢y > 0 and for |n| > co a linear continuous operator M : L2(Q) —
H?(Q) such that for any f € L*(Q), the function V = M (f) satisfies

Ve HX(Q), —AY —20 V¢ +qy = f. (6.10)

Moreover for some constant ¢ > 0, independent of &, n and f, we have

¥ ll2 = IMe (P2 < ﬁ 12

Proof. The operator B; being as in Corollary 6.4, we note that solving (6.10) is
equivalent to solve —Ay — 2¢ - Vi = f — g and hence

¥ = B (f) — Be(q¥). (6.11)

If we show that for || large enough ¢ +— B(gy) is a contraction from L*()
into itself, then the mapping ¥ +— B;(f) — B:(qy) has a unique fixed point and
equation (6.11), and thus (6.10), has a unique solution.

But [|Be(q¥)ll2 < clnl™Mlgwll < elnl™"lgllocll¥ 12, and therefore when, for
instance [n| > 2c|lq|lco, We have || B: (g¥)|l2 < 2714 l2 and thus equation (6.11)
has a unique solution. Also if we set A, (y) := B (qy) we have ||A;|| < 1/2 for
1l = 2cl||qlleo and the solution ¥ of (6.11) is given by ¢ = (I + Ag)_lBg(f).
Whence if we set M; := (I + A;)_lBg, we have

2
Wil = 1M (H)ll2 < 1T+ A HIBe ()2 < ﬁ If 12,

since || (1 + A;)fl || < 2. Finally using classical regularity results in equation (6.10)
one sees that ¥ € H?(S2), and the proposition is proved. O

We are now in a position to prove the result announced in Theorem 5.7.

Theorem 6.6. Theorem. Assume that Q@ C RY is a bounded domain and that N > 3.
For q; € L*(Q) (with j =0, 1) let Vo(qo, q1) be the space

Voo, q1) = {uour; uj € H'(Q), and — Auj + qju; =0},
Then Vo(qo, q1) is dense in L'(R).

Proof. Let & € RN with £ # 0 be given. It is interesting to emphasize that the
assumption N > 3 comes in at this point: when the dimension N > 3, there exist
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at least two other directions 7, o orthogonal to & and such that » is orthogonal to o.
That is we may fix  and 0 € R such that for a given t > 0 we have:
n-E=£-0=0, lol=1 [P =I5+ =5+
Then consider
S :=n+i¢ +10), & =-n+i —10),

so that x +— exp(¢; - x) is harmonic in RV, and let ¥ be the solution given by
Proposition 6.5 solving (6.3). Or rather more precisely let v/; satisfy:

Vi€ HA(Q).  —Ay; =26 VY + 405 = —q;.
in such a way that u; := (1 + ;) exp(¢; - x) solves
uj € HZ(Q), —Auj +qjuj = 0,

and uou; € Vo(qo,q1). In order to show that Vy(qo, g1) is dense in LY(Q), we
have to prove that if for some 2 € L°°(Q2) and for all w € Vp(qo, q1) we have
fQ h(x)w(x)dx = 0, then necessarily 7 = 0. Now choosing w := ugu, we have

/Qh(X)uo(X)ul(X)dx =/Qh(X)(lJrlﬁo(X))(l+¢1(X))6Xp((§0+51)-X)dx=0,

and since o + ¢ = 2i&€, we conclude that

/Q h(x)e* ~ dx = — fQ h(x)e*E (Yo (x) 4 Y1 (x) + Yo ()P (x)) dx.

Therefore
/Qh(x)em'x dx| < ||hlleo(l¥oll2 + lI1¥1ll2 + 1Yol 1¥1l2)
and using the estimates |‘| Yill2 < c|n|~" and the fact that || > ¢ we conclude, as
t — +oo, that o h(x)e?¢* dx = 0, and hence h = 0. O
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